shear on this plane is the com- 
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XXXII. Flecure of long Pillars under their own Weight. 
By Maurice F. FirzGeratp*. 


TE origin is taken at the upper end of the neutral axis, 
abscissee being reckoned positive vertically downwards, and 
ordinates horizontal. The flexure is supposed small, and 
assumed to lie in a vertical plane. The symbols employed 
are as follows :— 
H = total height of pillar ; 
h = height below top of any point in it ; 
S = total shear on a section normal to neutral axis ; 
M = bending-moment ; 
w = weight of pillar per unit of length ; 
FE and I, as usual, stand for the coefficient of flexural elas- 
ticity, and moment of inertia of cross section, respectively. 
Taking a plane, A B (fig. 1), Fig. 1. 


normal to the neutral axis, the 


ponent along it of the weight 
of the upper part of the pillar 
(whose top is supposed free) ; 
for small bending we have there- 


Sh 
S=wh 7) nearly. 


* Read February 26, 1892. 
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P 
By well-known theorems hb S and M=—EI—4 


8, dh qh” which 


give by substitution, 


dy é dy 
El ais = wh dh 
3 
By writing 3 = and m= ae this takes the form 
d’y dy 
pe Mee =>=—mMm a 
in which, putting ws =u, we get 
dé 
5 ae 
da : 


a differential equation which enters into other questions. 
The value of (= a) runs from 0 at top to.1 at foot of 


pillar; m has, except for pieces of fine wire a few feet in 
length, or for very unusually tall and large columns, only a 
small fractional value in practice. 


3 
Integrating the equation ox t — me! in series, we get 
y=AU+BV, 
where 
me m28 mix° 
Une{ 1 93 a+58-8.6.77 255.6890": 


V is another series, having «? as a factor, and A and B are 
arbitrary constants. 

Calling the first derived function, with respect to 2, of U, 
U’ and so on, the condition of a pillar free at top, and fixed 
initially vertically to a rigid base is expressed by 


i 
o =AU’ + BV’ =0 when x=1, ¢. e. at foot, 


and 


a? 
a =AU"”+BV”=0 when w=0, i. e. at top, 


since there is no bending-moment at top. 
As V contains 2” as a factor, the second of these gives B=0, 


ol oe fr) eR ee a ae OS, ald ed) IT i al 4 2 
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and the first then requires U’/=0 when x=1. lt will be 
found, on inspecting the curves plotted in fig. 2, that a value 


of m=7°85 nearly is that required. For dimensions in feet, 
and for steel in which E = about 12,000 tons per square inch, 
this gives, on putting in the numerical values, and putting 
L = ratio of length to diameter, 


. 6 
H (in feet) = a for steel tubes, 


H being here independent of the thickness, supposed small ; 
and 

4x 108 

= 

as the limiting height of pillar which can stand without bend- 
ing under its own weight. Thus for L=100, the maximum 
height is about 800 feet, giving a tube 8 feet diameter. 
For wires, L may be much greater ; for instance, the limit at 


which bending due to its own weight, of wire originally 
2n2 


for round steel rods, 
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straight and vertical, size No. 28 B.W.G., must occur is 
about 1°8 feet. 

All columns, in practice, naturally fall far within the limits 
here given. In connexion, however, with the inherent flexi- 
bility of very large masses under their own weight, even when 
direct crushing is prevented (say by external fluid pressure), 
it may be remarked that for L = 4, H = 47 miles, approxi- 
mately ; so that a solid steel column 12 miles diameter would 
bend, even if prevented from bulging, if it were 50 miles high. 

The only case of interest, besides that of a column fixed at 
its base and free at the top, above treated, seems to be that of 
a heavy upright column, held at top and bottom by external 
bending-moments so that the neutral axis is vertical at both 
ends, but otherwise free. 

In this case, denoting by suffixes the values at each end, 
we have 


AU, +BV, =0, AU + BV’ =0, 
AU," +BV,)”=M,H?, AU,’+BV,’=M,H. 


Vo’ and Up” are both zero identically ; Uy’=1, and ¥, 2, 
which give A=0; 2B=M,H?; and, on substitution in the 
second and last of the above equations, we get 
BV,'’=0 and M,V,”=2M,, 

where, in V,’, the value of m which makes V,/=0 is to be 
inserted. The result shows that there is, in this case, a 
definite ratio between the external bending-moments. 

Precisely similar results, as to producing bending, would 
take place in a bar accelerated by a force applied at its back 
end, neglecting longitudinal sound-waves ; as also to a liquid 
filament retarded, if it possessed uniform stiffness in virtue of 
any internal motion. 


Belfast, February 1, 1892. 


Since the above was in print Prof, A. G. Greenhill, F.R.S. 
has sent to the writer a paper, published in the Proc. Camb 
Phil. Soc. vol. iv. 1881, written by him for Prof. Asa Gray 
on the greatest height of poles, masts, and trees, consistent 
with stability. The differential equation involved is, in Prof. 


a ae ee ae, 
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Greenhill’s paper, solved ee the aid of Bessel’s functions, and 
the investigation is extended to the cases of a solid cone and 
a paraboloid of revolution, the general form of the solution 
for certain other solids “of revolution being given. The 
results for a wire (allowing for a slight diferénce i in the value 
assumed for E) given by Prof. Greenhill are the same as 
those above. The function U! tabulated in the curve fig. 2 
appears, from Prof. Greenhill’s paper, to be connected -with 
J («x™) by the relation 


Usa) _,(«2?). 
Belfast, March 16, 1892. 


XXXIV. Choking Coils. 
By Professor Joun Perry, D.Sc., F.R.S.* 


THERE is eddy-current loss of power in all the conducting 
masses of a choking coil. Hence a choking coil is really 
a transformer with one primary coil and many secondaries, 
and much magnetic leakage. In a transformer with many 
coils, whether or not they have magnetic leakage, it may 
be shown that any given group of secondaries of given 
numbers of turns and resistances may be replaced by one 
secondary without affecting the currents in the other coils; 
and we may: take a choking coil to be a transformer with a 
primary coil of N turns and resistance R. ohms, with C 
amperes flowing at any instant, the potential difference at its 
terminals being V, and a secondary coil closed on itself of n 
turns, resistance 7 ohms, and current c amperes. 

If we assume that the induction per square centimetre £ i is 
the same everywhere, and if it follows the law 


8 in C.G.8. units= Za, sin (ikt+e,), 
the average power in watts, wasted in eddy currents in the 
iron per cubic centimetre is 
6°25 x 10° 7?h?S Pa}, 
if the specific resistance of the iron is taken to be 10*C.G.S. 
units. It is less at higher temperatures, being inversely 
* Read March 11, 1892. 
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proportional to the specific electric resistance of the iron. 
The iron is supposed to be of wire of radius r centimetres. 
Even when we leave the eddy-current loss in the copper 
out of account, it is to be remembered that the induction is 
not uniform in the section of a wire, nor is the average 
induction in each wire the same for all the wires, and there- 
fore the real loss of power in the iron by eddy currents is 
always greater than the result of applying this formula. 

I am going to assume that one secondary coil with no 
magnetic leakage may be substituted for all the eddy-current 
circuits, and this is the same as assuming the truth of the 
above rule. I ignore magnetic leakage because this is only a 
preliminary note, and such experiments as have hitherto been 
made do not enable me to take account of it, for there are no 
experimental measurements as yet of the want of uniformity 
of the induction. 

The equations of the two circuits are 


V=RC+N6I and 0=7rc+n8I, 


if I is the total induction (1U°C.G.S. units being taken as 
the unit of induction). If 


‘“A=NC+ne and g=N?/R?+n2/r? 
(the term n?/r? being really negligible), the fundamental 
equation for calculating I is 


A+gGI=NV/R, 2. 2... (1) 


Given the law connecting A and I and the resistances and V, 
I may be calculated, and consequently C and c Now in 
ordinary practical transformer calculations A may be neglected 
in the equation, even with the most complex law of mag- 
netization; and it is this that causes calculations of the 
induction and secondary currents and voltages in the most 
complex cases, and even the primary current, unless when 
there is a small load on the transformer, to be exceedingly 
easy even when the coils are curiously connected with con- 
densers and choking coils, and when there is much magnetic 
leakage. But in our present case, it is A itself which is 
wanted, and another method of working must be adopted. 
In fact, the value of C does depend very much upon the law 
of magnetization. 


=" 
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However complicated the magnetic law may be, it can be 
expressed in the shape :— 
If I= Ajo, sin iz, 
then 
A= ZA,{ sin (ia +f,) —8, sin 37x +m, sin 5ix—&e.}, 


x being any quantity which increases continually. To be 
strictly accurate, even as well as odd harmonics of zx exist in 
A, and one of my students, Mr. Fowler, has worked them 
out for some of Prof. Ewing’s curves ; but the above formula 
has been found by Mr. Field to be sufficiently accurate. Of 
course, instead of 7z we may have (’#+e,) in the above general 
expression. 

When there is no hysteresis, f,=0. When there is con- 
stant permeability (no hysteresis and no saturation), not only 
is f,=0, but 6,=0, m,=0 &e., and o,=0,. 

If » the magnetic permeability of the iron is constant and 
the magnetic circuit is altogether of iron, as it always ought 
to be both in transformers and in choking coils, o; stands for 
4rrayw10-*/X, where a is the area of cross section of the iron 
in square centimetres, and 2 is the average length of the 
induction solenoids in centimetres, 

Equation (1) becomes in the most general case 
NV/R=2A,{ cos f,sin (¢kt + ¢,) + (sin f, + giko,) cos (kt +¢;) 
—6,sin 3(zkt + e,) +m, sin 5(ikt +e,) tS 
and hence, if V or I is given asa periodic function of the time, 

the other can be found and A and therefore ¢ or U. 

If V is a simple sine function of the time, I is so also, with 
very great, but not perfect accuracy. Assuming that I is 
a simple sine function, the neglected terms in V can now be 
calculated. The only problem, however, of importance is 
the calculation of C assuming that V follows the law V= 
V_ sin At. 

We may take g=N?/R. Hence 

—I=(V,/N&) cos kt 
very nearly, and if e=n’oh/r, being called the eddy-current 
effect, f being the hysteresis term, 
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cos 


eee 
c=v,|( +2esinf +e)! sin { ft 90° + tan™*( tan ft ie _ 
b cos 3kt —m cos okt NI GR e ai 4) wi ace a 


We see that the effect of eddy currents without hysteresis 
is to increase the amplitude of the important term in C, and 
to produce a lead of 90?—cot~*e, whereas the effect of hys- 
teresis without eddy currents is to keep the amplitude 
unaltered and to produce a lead f. If/ is put equal to 0, 
that is if we assume no hysteresis, we obtain results which 
seem to be in accordance with such experimental observations 
as have yet been made. 

The effective current C (if V is the effective voltage), with 
constant permeability, is C=V/N’ck. With hysteresis (or 
with no hysteresis but some saturation of the iron), but no 
eddy currents, C=1-02 V/N?ck, taking b as *2. 

With eddy currents and hysteresis, 


C=V V/1-04+ 2esinf + 2/N*ck. 


The average power given to the choking coil or average 
value of V C is 


VC (e+ sinf)/(1+e+ 2esin/), 

neglecting the small terms due to } and m, and this may be 
done in all cases where there is not much saturation. 

Probably there are always traces of the terms in 3kt and 
the higher harmonics in both V and I, but they must certainly 
exist in either V or I even when there is not much saturation, 

It almost seems that in a choking coil we have found 
what has long been looked for, a method of increasing 
frequency by mere magnetic means. A condenser shunting 
a non-inductive part of the circuit would receive currents 
in which the higher harmonics would be greatly magnified 
in importance. 

To show the magnitude of the terms in (2) I will take 
a well-known 1500-watt transformer, unloaded, as a choking 
coil. Here y=7837. The total average power wasted in heating 
the iron being 40 watts, I assume that this is altogether due 
to eddy currents. Power wasted in eddy currents being 
n?V .?/2rN?®, we have n?/r=2°117, when V)>=2828. An eddy- 
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current coil which would replace all the eddy-current circuits 
is a coil 6f 2 turns whose resistance is about 1°9 ohms, short- 
circuited on itself. 
° e=0°38, if k=600. 

It is obvious that e¢ is proportional to & and to the square of 
the radius of the iron wire. 

Assuming constant permeability and no eddy currents, 

C=:074 sin (kt —90°). 
With some saturation but no hysteresis, 
C=:079 sin (kt— 69° 2) —°0148 cos 3kt —-0037 cos Ske, 

if b=0°2, m=:05. 

These values of 6 and m are usually employed by me for 
such magnetizations as are common in transformers. When 
I assume the existence of hysteresis, I take f about 20 degrees. 


XXXV. On the Construction of a Colour Map. 
By Wattsr Batty, !.A.* 


[Plate XI.] 


By the term Colour Map I mean a diagram each point of 
which defines by its position some particular colour. Such 
a colour map was designed by Clerk Maxwell in the form 
of a triangle, the angles of ‘which were occupied by certain 
colours, and all other colours were treated as mixtures of 
these three primary colours, the composition of the mixture 
for the colour which occupied any particular point in the tri- 
angle being indicated by the length of the perpendiculars 
from that point on the sides of the triangle. 

Now trilinear coordinates, although they afford very elegant 
methods for the solution of certain problems, are by no means 
so generally useful or so intelligible as the ordinary rectan- 
gular coordinates ; and the fact that every colour can be 
defined by means of a spectrum colour and white light sug- 
gested to me the construction of a colour map with rectangular 
coordinates, in which measurement in one direction should 
indicate the wave-length of the spectrum colour employed, 


* Read April 8, 1892. 
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and measurement at right angles to it should indicate the 
quantity of white light employed in defining the colour. 

Let us take a vertical line to represent the spectrum, the 
lower end giving the red of the spectrum and the upper 
the violet. ‘The spectrum is supposed to be formed so that 
equal differences of length measured along the spectrum 
represent equal differences in the wave-length ; and when the 
quantity of colour at any point of the spectrum is mentioned, 
it is intended that a definite small part of the spectrum about 
that part is to be taken. Now all colours, except the purples, 
can be formed by adding white light to a spectrum colour. 
Let the amount of white light required be indicated by a line 
measured horizontally to the right from the proper point in 
the spectrum. Then the given colour is indicated by the 
point at the extremity of that line. Again, every colour 
except the greens has the following property: viz. that if it is 
added in the proper quantity to some spectrum colour, white 
is produced. Let the quantity of white produced be indi- 
cated by a line drawn from the proper point horizontally to 
the left. The point at the extremity of this line indicates the 
given colour. In this way a map is obtained in which every 
colour has its appropriate position. The greens occur only on 
the right hand, and the purples only on the left hand, but all 
other colours, as they can be indicated in both ways, occur on 
both sides of the spectrum line. 

In using the term quantity of white light, I mean that a 
beam of white light is to be obtained in some definite manner 
from a definite source of light which forms the spectrum, and 
that the map is to show how much of this beam is used. 
Captain Abney finds that the positive pole of the electric are 
is a source of light of constant quality, and uses it in his 
measurements ; and he indicates the quantity of white light 
used by the ratio between its luminosity and that of the 
spectrum colour, It is a more complicated matter to express 
such a ratio than to express the amount of white light only, 
and I failed to work into a map Captain Abney’s method 
of defining the quantity of white light. 

The principle on which this map is founded will come out 
more clearly by the consideration of fig. 1, which may be con- 
sidered as a sort of colour staff, to borrow a term from music. 


a 
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The three horizontal lines represent the three colour sensa- 
tions— Red, Green, and Violet, with such luminosity that the 
mixture represented by equal lengths of the three lines repre- 
sents white light. Thus the vertical lines A, A’, wherever 
they may be placed, will include between them white light, 
which will be the more intense the farther they are apart. 
Any colour whatever may be represented by taking the line 
A as a base and measuring off the quantities of the sensations 
to points, R, G, and V. The distances included between A/ 


Fig. 1 
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Green. Green. 
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Fig. 2 
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Fig. 3 
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and R, G, V give every complementary colour to that repre- 
sented by R,G,V, and A. The whole of the colours of this 
systen. are related together only by the position with respect 
to one another of R, G, V—that is, only by the differences R G 
and GV. But if we express the same colours at (say) half 
the luminosity, we must reduce all these distances to one half, 
as in fig. 2, and so with any other proportion. It is then not 
the differences KR G and G V, but the ratio of these differences 
which is constant for all this system of colours. Hence, to 
determine to what system a colour belongs of which we know 
r, g, v, the quantities of red, green, and violet sensations 
respectively, we have only to obtain foe 


In fig. 4, Pl. XI., the vertical line called “spectrum colours” 
is that along which the spectrum is thrown; and the lines 
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called “line of no Red,” “line of no Green,” and “ line of no 
Violet” are lines to which distances are to be measured hori- 
zontally from any point to show the quantity of red, green, and 
violet sensations in the colour represented at that point. When 
these distances are measured from points on the spectrum line, 
they give the amount of such sensation for the corresponding 
spectrum colour. The curves which I have used are not 
intended to represent the true form of such curves, as it is 
sufficient for explaining the principles of the map that they 
should be curves having a maximum and shading off on each 
side. The numbers marked along the “spectrum line” give 
the value of the fraction (r—g)/(g—v) at each point ; and it 
will be seen that the value is large at the red end of the 
spectrum, probably beginning with infinity, and diminishes to 
zero, where the red and green are equal. It then changes 
sign and remains negative until g and v become equal, when 
the fraction becomes infinite and again changes sign. For 
the remainder of the spectrum the fraction continues positive 
and passes from infinity to zero. The fraction (r—g)/(g—v), 
which may be called the “Colour Index,” has therefore in 
the spectrum every value from plus to minus infinity, and 
hus all the positive values twice over. Every positive colour 
index has two spectrum colours:—one in which the order of 
magnitude of the sensations is Red, Green, Violet, and the 
other in which the order. is Violet, Green, Red. Yo fig. 1, 

where the order is that required, Jet the lines 8, 8’ give the 
spectrum colours. Then it is clear that these ise spectrum 
colours are complementary to one another. Also that the 
colour represented by A is equal to the spectrum colour § 
plus the colour included between S and A, which is white ; 
and also that the colour at A plus the spectrum colour at 8’ 
form the white between A and 8’, 

Now suppose the colour index negative, then R, G, V must | 
be arranged in the order RVG or VRG (see fig. 3). We 
have A, A’, and 8, as before ; but 9’, the second spectrum 
colour, does not occur, inasmuch as there is no spectrum 
colour in which green is less than both the red and the violet. 
Hence the green, which is represented by A, can be defined 
only by the addition of white to a spectrum colour ; and the 
purple, which is represented by A’, can be defined only by 
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the fact that when added to a spectrum colour they can form’ 
white. 

To see how what precedes is represented in the Colour Map 
(Plate XI. fig. 4), take any line perpendicular to the spec- 
trum-line, say the line in the orange for which the Colour 
Index is 1:0, and compare this line with fig. 1. S is the 
point on the spectrum-line, V is the point at which the “line 
of no violet” is crossed, and G and R the points in which the 
lines of no green and no red respectively are crossed, and 8’ 
represents the complementary spectrum colour, which is 
represented on the thick line at the point marked 1:0. This 
thick line, along which the figures are marked, represents the 
spectrum which is complementary to that from Red to Yellow, 
and itself extends from Violet, of which the colour index is 
zero, to Blue, of which the colour index is infinite. A similar 
line gives the complementary spectrum of the part from Blue 
to Violet, and itself extends from Red when the colour index 
is infinite to Yellow when it is zero. The region on the right 
outside all the lines gives all the colours to be obtained by adding 
white to a spectrum colour ; and to ascertain the amount of 
each sensation, we have only to measure horizontally to the 
line giving the zero of that sensation. The region on the left 
outside all the lines gives all the colours capable of making 
white with spectrum colours; and here, again, to ascertain 
the amount of each sensation we have only to measure hori- 
zontally to the line giving the zero of that sensation. It will 
thus be seen that the whole map is really constructed on one 
single principle. It is obvious that if a series of colours are 
obtained by some definite law, their positions on the map will 
lie on some line straight or curved. 

Tt remains to consider the spaces enclosed within the lines. 
On the right between the spectrum-line and the nearest sensa- 
tion zero-lines lies a space which has a real meaning, as the 
points in it represent colours in which the sensations have 
certain positive ratios to one another ; but these ratios give a 
more intense colouring than the spectrum colours themselves, 
and therefore such points cannot represent any colours which 
can be seen by a normal eye, because, as was known to Newton, 
every mixture of colours is more diluted than the spectrum 
colour which it most nearly resembles. This region may be 
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called an abnormal region. The colours it represents would 
be visible to eyes more or less colour-blind. There are two 
abnormal regions on the left of the figure between the com- 
plementary spectrum-lines and the red and violet zero-lines 
respectively. 

The remaining portion of the map, viz. that lying between 
zero sensation lines, is of a different nature. At any point 
in this region the distances measured to the zero lines are not 
all in the same direction; so that one or two out of the three 
sensations must be considered to be negative. As no one 
possesses a negative colour sensation, the colours represented 
in this region are imaginary. This may be called the 
imaginary region. Though it has no physical meaning it 
will be found to have its value in connexion with the 
geometrical structure of the map. As an example of this, 
consider the complementary spectrum-lines. They end 
abruptly, leaving a gap opposite the green ; but they may be 
continued across the gap in such a way as their general form 
seems to point, and this has been done in fig. 4, by continuing 
the complementary spectrum-lines until they meet in a cusp 
at the point on the right marked —1-0. This extension lies 
wholly in the imaginary and abnormal region, and may repre- 
sent the missing complementary spectrum of green. 

The map affords convenient methods for calculating the 
effect of mixing colours. Leta colour which has the sensation 
red, green, and violet in the proportion 7,, 91, 1, be represented 
by r, | 9, | v1. Then, if we take two colours 7, | g; | v; and 
2 | 92 | v2 | , the mixture of these colours in the proportions 
I, and /, will give the result lr, +lgro | Lgitlege | ley t+ love. 
The index of this colour is 


h(m1—) + 12(72—ga) 

(91-01) + le(Go— 2)" 
Let the spectrum colour having the same index be r | g | v. 
In order to find the quantity of white which must be added 
to this spectrum colour to produce the required colour, it is 
necessary that the luminosity of the colour should be altered 
to that luminosity at which the colour is represented in the 
map. This can be done by multiplying the coefficient of each 
sensation by the fraction (r—g)/{1,(r,—g,) + ls(r3—g2)} or one 
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of the equivalent fractions. ‘I'he resulting sensation co- 
efficients are 


Red «©. (hr, +lore)(g—v)/{i(gi—1) + le(ge— %) }. 
Green...) (hg, +loge)(v—1)/{4 (m1 —71) +(t2— 12) }- 
Violet. .  (hu+lv,.)(r7—g)/41, (11-91) + 272-92) $- 


The coefficient of the white to be added to the spectrum colour 
is obtained while the colour lies on the right hand by sub- 
tracting 7 from the red coefficient above obtained, or by sub- 
tracting g and v from the other coefficients respectively. When 
the colour lies on the left hand, the white is obtained by adding 
r to the above red coefficient, or g and v to the green and 
violet coefficients respectively. 

I have applied the formule given above to obtain the 
curves showing the results of adding together in any pro- 
portion two spectrum colours so related to each other that 
if the first is r |g | v the second isv|g|7. The index of 


the second colour being °—2 is the reciprocal of the index 
of the first. ome 

_ The curves obtained are shown in fig. 5. Consider the 
curve numbered 2. This is the locus of mixtures of the blue 
whose index is 2°0, and the yellow whose index is 0°5. The 
curve passes through these two points of the spectrum, giving 
the cases in which a zero quantity of one of the colours is 
taken ; and every other mixture is indicated by some point 
on the curve joining these two points and lying to the right 
of the spectrum-line. In this figure the dotted horizontal 
lines occupy the positions where the indices are zero and 
infinity respectively, so that the portion of any curve which 
lies outside of them must be repeated again on the left side of 
the complementary spectrum-line. In curve No. 2 two small 
parts do lie outside the dotted lines, and, accordingly, these two 
parts are repeated to the left of the complementary spectrum- 
line. We have then the curve No. 2 in three separate portions, 
which it is not possible to connect physically, as the missing 
part of the curve lies in the imaginary and abnormal regions. 
But what is not possible for physics is easy for geometry. 
We cannot subtract one spectrum colour from another, but 


we can subtract the lines representing the sensations in one 
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spectrum colour from the lines representing the sensations in 
the other spectrum colour ; and so by subtracting one spectrum 
colour from the other in any proportions we can complete the 
curve No. 2 through the imaginary and abnormal regions and 
so obtain the complete and continuous curve. Curves Nos. 1 
and 0 have no portion on the complementary side, but curves 
Nos. 3 and 4 have a considerable portion on that side. A 
new feature is shown when we take the locus numbered 5. 
This is got by combining the spectrum indigo, having index 
1:0, with spectrum orange, having the same index. These 
are complementary colours. When added together in the 
proper proportion they produce white, and, when added in any 
other proportion they produce white plus whichever spectrum 
colour predominates. Hence the locus consists of horizontal 
straight lines through the two points in the spectrum-line, 
going off to infinity, where the colour indicated is white, 
considered as a spectrum colour infinitely diluted with white 
light. Next consider curve No.7. The main portion of the 
curve lies to the left, and starts from points in the comple- 
mentary spectrum-line which indicate the spectrum colour 
chosen. The parts of this portion which lie outside the hori- 
zontal dotted lines are repeated to the right of the spectrum- 
line; the remainder, obtained by subtraction, lies wholly in 
the imaginary and abnormal regions. All these curves pass 
through a certain pair of points, as may be easily shown. 
The first spectrum colouris . . . r|g|v. 
The second is oy 0 eT 


By subtraction of one from the other, we get a colour 
r—v | zero | v—r. 


The resulting colour has therefore no green, and has the red 
and violet equal in amount but opposite in sign. These con- 
ditions are satisfied at the two points shown in the figure. 

In this figure the lines are drawn under the condition that 
the index of one spectrum colour is the reciprocal of the 
index of the other ; but any number of other systems of lines 
might be drawn showing combinations of two spectrum 
colours, so that it is evident that every colour can be resolved 
into two spectrum colours in an infinite number of ways. 

There are three regions in fig. 5 which are shaded to show 
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that none of the curves pass through them. These regions 
might probably be filled up by curves drawn through points 
in the imaginary part of the complementary spectrum to 
which I have already alluded. 

Now the complementary spectrum-line and the curves 
giving mixtures of two spectrum colours have been drawn 
by strict arithmetical methods from certain curves of hypo- 
thetical form which indicate the intensity of the sensations 
for each point of the spectrum ; but they can also be plotted 
out by direct experiment. 

To plot out the complementary spectrum-line, add to a 
spectrum colour its complementary until white is produced, 
measure the quantity of white, and mark off a horizontal line 
to the left from the point in the spectrum of a length pro- 
portional to the quantity of white. The end of this line isa 
point in the complementary spectrum ; other points may be 
obtained in the same way, and the normal part of the com- 
plementary spectrum-line be drawn. 

To plot out the curve giving the mixtures of two spectrum 
colours, take a third spectrum colour and make a colour 
patch of the first two colours, and another colour patch of the 

‘third colour and white. Keep the luminosity of the third 
colour constant, and vary that of the other colours and the 
white until both patches are of the same colour. Then measure 
the quantity of white used and mark off a line from the 
position of the third spectrum colour to the right propor- 
tional to the quantity of white. The end of this line gives a 
point in the curve. By taking other spectrum colours as the 
third colour other points may be obtained. If, however, it is 
found impossible to make the two patches of the same colour, 
then throw the three spectrum colours together, and keeping 
the luminosity of the third colour constant vary that of the 
other two until the three produce white ; measure the quantity 
of white, and mark off to the left from the position of the 
third spectrum colour a line proportional to the quantity of 
white obtained. The end of this line is a point in the curve. 
If both these methods fail the point on the curve correspond- - 
ing to the third spectrum colour lies in the abnormal or 
imaginary regions, and cannot be determined by experiment. 
When the derived curves have been plotted out by expcri- 


- 
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ment, it will be possible to modify the hypothetical forms of 
the curves of intensity of the sensation in the spectrum so as 
to make the curves derived from them accord more closely 
with the results of experiment, and so to arrive by gradual 
approximation to the true form of those curves. 


XXXVI. A Note on the Electromotive Forces of Gold and of 
Platinum Cells. By E. F. Herroun, Professor of Natural 
Philosophy in Queen’s College, London*. 


In nearly all modern text-books of Physics the metal pla- 
tinum is placed after gold in Volta’s Electropositive Series. 
This no doubt is partly owing to the well-known fact that 
gold is attacked by chlorine or nitrohydrochloric acid more 
readily than platinum, and it might therefore be reasonably 
supposed that gold evolves more heat in the formation 
of its chloride than does platinum. On referring to the 
values for the heats of formation of the chlorides of these two 
metals, as given by Julius Thomsen f, one finds, however, that 
the heat attending the formation of auric chloride is, per 
equivalent, only about half as great as that in the case of 
platinic chloride. 

Assuming that the voltaic constants of metals are deducible 
from the thermochemical values of their compounds, the 
above facts would compel us to regard gold as more negative 
than platinum, at least when immersed in chloride solutions. 
(The same observations would also apply if oxygen were the 
attacking medium, as Thomsen gives the heat of formation of — 
platinic hydrate as a considerable positive number, while that 
of auric hydrate is a large negative quantity.) 

It was, therefore, an interesting point to determine how far 
the actual electromotive forces obtained with gold and with 
platinum agreed with these conclusions, and I endeavoured to 
find records of the electromotive forces of cells in which these 
metals are immersed in solutions of their chlorides opposed 


* Read March 25, 1892. 
t Thermochemische Untersuchungen, iii. pp. 412 & 430. 
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to some other metal in a solution of its corresponding salt. 
While there are many references to the E.M.F.’s set up in 
single fluid cells in which platinum is one of the metals used, 
the references to gold are scanty, and even with platinum I 
have only succeeded in finding one recorded measurement in 
which the platinum was immersed in a solution of its own 
salt. This was a measurement made by Wheatstone*, in 
which liquid zinc amalgam was opposed to platinum in a 
solution of platinic chloride. He found in measuring the 
E.M.F. of this cell that it required 40 turns of his rheostat, 
as compared with 30 turns required for a form of Daniell cell. 
Now, assuming his Daniell cell to have had an E.M.F. of 
1:09 volt, the value in volts for the zinc amalgam, platinum- 
platinic chloride cell would be 1°453. 

In a list of the potential differences between different metals 
and graphite simply immersed in water, Gotz and Kurz f 
give the values 0°48 volt for gold and 0°37 volt for pla- 
tinum, the value for zinc and graphite being 1°37 volt. 
This would make platinum more electronegative than gold by 
0°11 volt: but these values cannot be accepted as in any 
degree expressing the actual electromotive forces concerned. 

Exner and Tuma f, on the other hand, taking carbon =0, 
give Pt =0°05, Au = — 0-05, which appear to be much 
more probable values, and make gold, as its thermochemical 
data require, negative as regards platinum. 

Under these circumstances it appeared worth while measur- 
ing the actual E.M.F. set up between zinc and gold, and zinc 
and platinum, in solutions of their own chlorides of equal 
molecular strength. 


Zine-Platinum Cell. 


The heat of formation of PtCl, is apparently unknown, but 
as it appears to be impossible to prepare a neutral solution of 
that salt, compounds such as PtCl,,2HCl or PtCl,,2NaCl 
must be substituted, and their heats of formation are given 
by Thomsen. I selected the latter salt on account of its 
freedom from acid, and prepared a neutral solution having 


* Wheatstone’s Scientific Papers, p. 115. 
+ Electrotechnie Zeit. ii. p. 30. 
} Wien. Ber. xevii. p. 917. 


334 PROF. E. F. HERROUN ON THE ELECTROMOTIVE 


the strength of -25(PtCl,2NaCl)100H,0, which therefore con- 
tained about 2°75 grams of Pt in 100 cub. centim. of solution. 

Thomsen gives for [Pt,Cl,,2NaCl, aq] the value 73720 
+ 8540 = 82,260 calories; and for [Zn,Cl,, aq] the value 
112,840 calories. These numbers would give as the heat 
of replacement of one equivalent of platinum by zine the 
nett heat evolution of 35,855, which is equivalent to a theo- 
retical E.M.F. of 1°548 volt. ; 

A cell was set up consisting of an amalgamated pure zine 
rod immersed in a solution of ‘25 ZnCl,100H,O, opposed to a 
clean platinum plate immersed in the solution of sodio-platinic 
chloride above described. The two solutions were separated 
both in this and other experiments by an ordinary porous 
earthenware pot, and the H.M.F. was measured by balancing it 
against a difference of potential by Poggendorff’s method. 

The standards taken were a Latimer-Clark cell, which was 
assumed to have an H.M.F. of 1°435 volt at 15°C., and a 
chloride of silver battery (modified De-la-Rue cell), which 
by comparison with the Clark cell was found to have an 
E.M.F. of 1:045 volt. I find this cell more convenient in 
using Poggendorff’s, or any similar method, as its E.M.F is 
not appreciably disturbed by its sending a small current, or 
by shaking, and it has asmaller temperature-coefticient than 
the Clark cell. The temperature of all the cells used in these 
experiments only varied between the narrow limits of from 
12° to 15°C, 

In one experiment the zinc-platinum cell, when first set up, 
gave an E.M.F. of 1°647 volt. It was then allowed to send 
a current through a low external resistance for five minutes, 
and after further resting for five minutes its E.M.F. was again 
measured, when it was found to have dropped to 1°473 volt. 
After a further rest of about ten minutes it recovered to 1°507 
volt, at which value it remained tolerably constant. During 
the passage of the current from the cell the platinum plate 
became covered with a black deposit of finely divided platinum, 
and I thought it not improbable that this alteration of the 
surface might be the cause of the marked falling off in E.M.F.; 
but on removing the solution surrounding the platinum plate 
and replacing it with fresh, the E.M.F. regained its initial 
high value although the surface of the plate had not been 
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disturbed. It appeared from this that the high initial value 
was probably due to oxygen dissolved in the liquid, which the 
platinum would be very apt to occlude superficially, and 
which would account for the uncertain values of the L.M.F. 
Whatever may be the cause, this variability renders the 
measurement of the H.M.F. of this form of cell very difficult. 
In other experiments values as high as 1:7 volt were 
obtained on first setting up the cell, which, after sending a 
current and resting, fell to the tolerably stable value of about 
1°525.. 
Maximum H.M.F.= 1:70 volt. 
Minimom ~,, | = 1:473° , 
Average * 1525, 


The average value (1-525) is seen to be slightly lower than 
the E.M.F. calculated from the thermochemical equation 
(1°548); but the difference is small (-023 volt), and is well 
within the limits of experimental error with such a variable 
cell. There is therefore no reason to assume that its actual 
E.M.F. departs from the theoretical value. 


Zinc-Gold Cell. 


The heat of formation of [Au,C],,aq] is given by Thomsen 
as 27,270 calories, and that of [Zn,Cl,,aq] being 112,840, 
the difference per equivalent gives 2°044 volts as the theo- 
retical E.M.F. of zinc, displacing gold from weak solutions 
of its chloride. 

A cell consisting of an amalgamated zinc rod immersed 
in a solution of zinc chloride having the strength of 
*25ZnCl,100H,O opposed to a plate of gold in a solution of 
auric chloride of equal molecular strength, was set up and its 
E.M.F. immediately measured. It was found to give an’ 
E.M.F. of 1°855 volt, and after actual short-circuiting for 
five minutes it had only fallen to 1:834. These values were in 
fact the extreme limits of the variations that I have observed 
on repeating the experiment, and the constancy of this cell 
contrasts in a striking manner with the variability of ‘the 


platinum cells. 
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Maximum E.M.F. = 1°855 volt. 
Minimum ee 8 Goce ee 


Mean _se,, 1844 ,, 


Assuming the thermal values for gold to be accurate, the 
actual E.M.F. thus measured is seen to be ‘2 volt below the 
calculated value ; or, adopting the convention suggested by 
Messrs. Wright and Thompson, —0°2 volt is the thermo- 
voltaic constant for gold in dilute neutral solutions of its 
chloride. 

When a platinum plate was substituted for the gold plate 
and immersed in the gold-chloride solution, the E.M.F. of 
the cell thus formed was found to be 1°782 volt, 7. e. less than 
the gold-gold chloride, but greater than the platinum-platinic 
chloride cell given above. 

From the thermochemical values one might conclude that 
platinum would be capable of replacing gold from gold 
chloride ; but, so far as my experiments have gone, I have 
not found this to be the case, nor on the other hand is gold 
able to replace platinum from platinie chloride, which, of 
course, is not to be expected. 

When a plate of gold and another of platinum are im- 
mersed together in pure water or in dilute hydrochloric acid, 
the gold acquires slightly the higher potential. If strong 
hydrochloric acid be substituted for the dilute, the direction 
of the difference of potential becomes doubtful, and on the 
addition of nitric acid to the strong hydrochloric, so as to 
form aqua regia, the platinum acquires distinctly the higher 
potential, and if the outside circuit be closed on a gal- 
vanometer, a very decided current flows from the gold to the 
platinum through the cell (¢/. Ganot’s Physics, article on 
“ Electromotive Series ”’). 

Why the nascent chlorine combines readily with the gold 
where it evolves but little heat and slowly and reluctantly 
with the platinum, in which reaction much more heat is dis- 


engaged, is a problem which at present appears to admit of 
no satisfactory solution. 
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XXXVI. On an Instrument for Drawing Parabolic Curves. 
By Ricwarp Inwarps, /.R.A.S.* 


Tus instrument, which I have now the pleasure of show- 
ing to the members of the Physical Society, is designed for 
the purpose of drawing by one simple operation any para- 
bola of short focus, such as might be wanted for setting out 
the curve of a lamp-reflector, or in making a diagram of the 
path of a comet or of a projectile. 

It is based on that property of the parabola by which any 
point in it is equally distant from its focus and from the 
nearest part of its directrix. 

In the diagram, which represents the instrument as mounted 
on a drawing-board, IF’ is the focal pivot, which is adjustable 
for larger or smaller parabolas by moving the piece support- 
ing it in a slide to which it can be clamped by the screw K. 

AB is a slot formed by two steel straight edges with a 


narrow opening between them. ‘The centre line of this slit is 
the directrix of the parabola to be drawn. 
Along the slit AB travel two pins L and G, which are parts 


of a frame or system LMHG of such a nature that LM, ME, 


and MG are equal to each other, so that in any position. E is 
compelled to be vertically over G. 
A parallel frame HGFI is so constructed that one corner 


* Read May 13. 1892. 
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rotates on F and the. opposite corner rotates on G. The 
diagonal bar CD can travel along between guides at H and I. 

A pencil or scriber is fixed at E, and the paper is placed 
under this, and held by the clips N and O. 

A handle is provided at G, on moving which along the line 
AB it will be seen that the pencil E is compelled to describe 
a curve such that it is always equally distant from F and froin 
G, and as G is on a straight line and F is a fixed point, that 
curve must be a parabola. 

The fact that any point in the diagonal of a rhombus must 
be equally distant from one pair of its opposite angles is 
obvious on a moment’s consideration. 

The centre line of the diagonal bar CD is always a tangent 
to the parabola which is being constructed. The curves so 
drawn may be used for the production of templates for lenses 
or mirrors, and they could be drawn small and then magnified 
either by photography or by a pantagraph arrangement. 

This instrument is a combination of well known link move- 
ments, but I do not think they have ever before been applied 
to the production of a parabolic curve from a single straight 
line motion. 

The instrument may be so constructed that any play be- 
tween the sliding pins and the slot may be avoided by pressing 
the handle down towards the lower side of the slot, which 
thus becomes a ruler. In the event of any machine being 
constructed on this principle, gravity itself. might make this 
pressure. 


20 Bartholomew Villas, Kentish Town, N.W., 
February 2, 1892. 


XXXVIII. A Portable Instrument for Measuring Magnetic 
Hields. With some Observations on the Strength of the Stray 
Fields of Dynamos. By Evwix Epsrr and Herperr 
STANSFIELD*, 


(Plates XII. & XIII] 


Tus instrument was constructed for the purpose of giving 
direct readings for the strength of magnetic fields, such as 
are found in the neighbourhood of Dynamos ; thus avoiding 


* Read May 13, 182. 
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in directions at right angles to the axes of the armatures. 
(The dotted lines shew the directions.) 


= 
az 


a. —_ | ae FS] 
Bt a ee a et a > 
y 4.0" 45 5 


15 20" 25" 30" amma 


0" 


INSTRUMENT FOR MEASURING MAGNETIC FIELDS. 339 


the inconveniences attending the Ballistic method. Porta- 
bility, a considerable range, and a fair degree of accuracy 
were the qualities sought. The instrument, as now con- 
structed, whilst satisfying the first of these conditions, may 
be used to measure any field from‘ 1 line per centimetre up- 
wards, with an error of only about 2 per cent.; the only 
accessories required being a dry cell and a resistance-box. 

In principle it is the inversion of the D’Arsonval galvano- 
meter ; the torsion necessary to restore a coil, through which 
a constant current circulates, to its normal position, parallel 
to the direction of the lines of force, furnishing readings pro- 
portional to the field at the position of the coil*. 

A diagram of the instrument is shown in fig. 1 (Plate XII). 
A B is a small coil, oblong in shape, wound of No. 44 B.W.G. 
copper wire, and suppported half on each side of a sheet of 
mica. It is suspended from each end by strips, 10 centim. 
long, of rolled German-silver wire, each strip having a loop 
which is passed over a small brass hook riveted on to the 
mica, and in electrical communication with a terminal of the 
coil. The strip CA is in electrical connexion with the case 
of the instrument at C, whilst the strip D B is insulated from 
it at D by an ebonite plug, attached to the torsion-head H. 
Inside this latter is a commutator for automatically reversing 
the current, so as to take readings on each side of the zero. 
It consists of four semicircular strips of copper, cross connected 
as shown in fig. 2, a and b being connected to the two battery 
terminals. Two springs, one soldered to the case, the other 
insulated from it, but connected to the end of the suspending 
strip DB, press on these semicircular strips. When the 
torsion-head is at zero no current passes, the springs then 


* After the completion of this instrument our attention was called to 
some experiments of Messrs. Siemens and Halske, in which the same 
principle was used. : 

“Tn order to measure the intensities of the rotary field, a coil was 
hung in the centre of the ring, in such a way that its magnetic axis was 
perpendicular to the measured direction of the resulting magnetic axis of 
the ring. The coil was then excited by a continuous current, and was 
kept in position by a spring. The torque of the spring served as a 
measure of the intensity.” “Deduction and Experiments on Rotary 
Currents.” A. du Bois Reymond, ‘Electrical Review,’ June 5, 1891, 
vol, xxviii. No. 706, 
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being at c and d respectively (fig. 2). To take a reading the 
torsion-head is turned, thus sending the current through the 
coil. Should the latter be deflected in the wrong direction, 
the current can be reversed by means of the plug contact, P, 
attached to the battery leads. Readings are taken on each 
side of zero in order to eliminate any error due to imperfect 
balancing of the coil; an aluminium pointer G, attached to 
the coil, being always brought by the torsion to the zero 
position on a small scale. 

In order to obtain at once a spring-suspension and an 
adjustment for the torsion of the strip, a particular form of 
geometrical slide is used. A A’ (fig. 3) is a thick brass tube, 
turned at B B’ toa slightly conical plug to fit the tube of 
the instrument (fig. 1). Two grooves (seen in plan at CC’) 
are made along this tube, a cross head F (fig. 1) on the screw 
EF fitting into them. This screw is drilled along its whole 
length to admit a thick wire HIC, the latter having a cross 
head I, also fitting into the longitudinal grooves. These two 
cross heads are then connected to the two ends of a spiral 
spring, in such a manner that they are pressed by it against 
opposite sides of the grooves. The suspending strip being 
connected to the central wire HIC at C, its tension can be 
increased or diminished by means of the nut K, without 
altering the position of the coil. Any sudden jerk will also 
be taken by the spring, thus obviating the risk of stretching 
the suspending strip. Scratches on the wire HIC near H 
indicate the tension used. 

As a source of current a Hellesen dry cell is used. When 
Joined up through 50 ohms the E.M.F. of the cell is practi- 
cally constant, whilst its internal resistance is negligible*. 

The resistance of the instrument having been made up to 
50 ohms, it follows that its sensitiveness can be varied by 
introducing an independent resistance in the circuit. 

Let C = constant of instrument (i. e. field for 1° of torsion : 

with no external resistance in circuit) ; 


* See Electrotechnische Zeitschrift, August 1, 1890, vol. ii. No. 31. 
Republished in pamphlet form by Siemens Bros. and Co., Ltd. We 
have independently verified these results, 
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n = multiple of 50 ohms in circuit, exclusive of resist- 
ance of instrument ; 
6 = mean angular torsion ; 
then 

Field in C.G.S. measure = C (n+1) 0. 

C was determined, and the instrument calibrated, between 
the coils of a galvanometer of the Gaugain type through which 
a known current was passed. For an E.M.F. of 1:45 in the 
dry cell it was found to be ‘293. The error shown in the 
calibration was always below 2 per cent. 

By permission of the Committee of Experts, and of a num- 
ber of the firms exhibiting, a series of measurements were 
made at the Electrical Exhibition, Crystal Palace. The 
results obtained are shown in the remaining figures. 

Fig. 1 (Plate XIII.) shows the fields measured at various 
distances from different dynamos, the distances plotted as 
abscissee and the fields as ordinates. It is noticeable that 
machines of the multipolar type show a much steeper curve 
than other dynamos. This is especially noticeable in the case 
of the Gulcher Dynamo curve (G). 

Fig. 4 (Plate XII.) shows the fields round Mr. Kapp’s 
8-pole machine. They are noticeably small. 

Fig. 2 (Plate XIII.) shows the effect of edges, corners, &c. 
on the strength of field. On the flat surface of the pole-piece 
the field was about 600 (varying between 517 and 690), 
on the edges increased to about 1000, whilst on the corners 
it reached a strength of over 1100 C.G.S. lines per centimetre. 

Fig. 3 (Plate XIII.) shows the deformation of the stray field 
produced by the armature reactions. The measurements were 
made on an Elwell-Parker Motor. ‘The strength of field on 
the trailing edge was about 460, whilst that on the leading 
edge was about 500. 


Fig. 6 (Plate XIL.) shows various measurements made on 


the Gulcher Dynamo; Fig. 7 (same Plate) gives the field 


near one of Mr. Kapp’s Dynamos ; Fig. 4 (Plate XIII.) shows 
the fields at two positions of a Laing, Wharton, and Down 
shielded dynamo. 

Some curious effects of armature reactions are noticeable 
on the Thomson-Houston Dynamo (fig. 5, Plate XII.). As 


the bars in this machine act as a yoke, the result-is due 


_ to combined magnetic leakage and armature reaction. 
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By the kindness of Mr. Harrison we were enabled to make 
some experiments on a watch, previously unmagnetized, which 
he lent us. We found that a field of about 10 had ne appre- 
ciable effect on its rate of going, but that after being subjected 
to a field of about 40 it lost about 8 minutes per day; and 
even after being demagnetized in an alternating field it still 
continued very erratic in its actions. Of the dynamos whose 
fields we have measured, with the exception of the Thomson- 
Houston, Ship’s Dynamo (Laing, Wharton, and Down), and 
Mr. Kapp’s large Multipolar, it would not be safe to go nearer 
than about 2 feet*. Moreover, with a watch with a steel 
balance-wheel (the one experimented upon had a brass one), 
_ even greater precautions might have to be observed. 

Finally, we wish to record our thanks to Mr. Harrison for 
allowing us to experiment on his watch; to Mr. Barton for © 
his assistance in constructing the instrument ; and to Messrs. 
Crompton, Kapp, Laing, Wharton, and Down, the Gulcher 
Company, the Electric Construction Corporation, and Major- 
General Festing, for permission to experiment on their various 
dynamos, and also to publish the results. 


XXXIX. Note on the Measurement of the Internal Resistance 
of Cells. By BE. Wytue Suiret. 


In order to determine the actions which take place in an 
accumulator during charge and discharge, it is necessary 
to know the working electromotive force at the different 
stages. This might be observed by breaking the circuit ; 
but immediately on doing this the electromotive force varies 
at a very rapid rate, so that if only four or five seconds be 
occupied in taking the measurement an error of 25 per cent. 
may be made in the difference between the electromotive 
force and the terminal potential difference. If time-readings 
be taken after breaking the circuit and a curve drawn con- 
necting E.M.F. and time, this curve may be produced back 


* One could not safely go within three feet of the Elwell-Parker 
Continuous Current Transformer, 
+ Read June 24, 1892. 
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in the way described by Prof. Ayrton and others in a paper 
at the Institute of Electrical Engineers. But, as this method 
has its objections in addition to that of interrupting the 
circuit, it is very desirable to determine the actual working 
H.M.F. in some other way. 

The H.M.F. could be readily obtained from the terminal 
P.D. and the current if the internal resistance were known. 
It is for the determination of this latter quantity that I have 
devised the following modification of Mance’s method. Of 
course this method is applicable to the measurement of the 
resistance of other forms of battery besides accumulators. 


Fig. 1. 


In fig. 1 let the cell of E.M.F. e, and internal resistance, d, 
be the one experimented upon, 7 being the resistance of the 
external circuit which may contain an H.M.F. H, for example 
that of the dynamo used to charge the cell. This circuit is 
connected at O with an auxiliary circuit, in which the resist- 
ances m, and 2, are so adjusted that the points A and B are 
at the same potential, the resistance of the cell of E.M.F., ¢,, 
being included in 2,. Suppose a current, C, from some ex- 
ternal source to pass through both circuits in series. The 
P.D. between A and B will now be V. Let P.D. between A 
and O be v,, and that between O and B be v,, (v, +.) = V. 
We have 


_ hy re %+E _ H—4 LDP 
C= b pie oe ny a my” 
therefore 
_ brC—re—bE : 


o= ’ 


| b+r 
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and 
eee MamC + me, 
Ps ™m +n 
ae b+C—re—bE mynC +m, e1. 
= b+r mM, +74 
But when C=0, V=0, 


ic —re—bE yey : 


b+r mM, +7,’ 
Soe br MN 
- v=0(-" + ee 


If we measure the apparent distance R, between A and B 
by any convenient method, and if C be the current sent 
through this circuit between A and B by the testing arrange- 
ment, we get R, equal to Ms ; 
: . oo myn, 
mite ony eres m +n, 


Now if we have three circuits (fig. 2) connected together 


Fig. 2. 


Cc 


at the point O, the cell of E.M.F. equal to e and resistance 6 
being the particular one whose resistance is required, and if 
the resistances m,, mg, m1, 2 be so adjusted that the points 
A, B, and C are at the same potential, the apparent resist- 


stag a Yah | 


phi \\ ps ‘bs 


——— a ay 
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ances Ry, Ry, Rs between the points A and B, A and (, and 
B and C, will have the following values :— 


ae br mn, 
b+r° mtn 
ae br MeoNg 
b+ 7 Mg + Ng 
nee eed Mang 


M+ = My+N,’ 


br ake + R,— R; 


vere 9 , Say, equals z, 


then the required resistance of the cell, 
2 3 

baat = + fe + &e. 
r q 


If, as in the case of an accumulator, x is small compared 


oan rv, then 
2 


b=2+ es 
r 


When an accumulator is discharging, taking b=. gives usa 
a value for 6 about 2 per cent. too low. 


Fig. 2a. 


If the P.D. at terminals of the cell under test is greater 
than the E.M.F. of a single balancing cell (as is the case 
x 
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during charge) then the circuit must be modified as shown 
(fig. 2a). 

If a Wheatstone’s bridge be employed to measure Rj, Re, 
and R;, there will be no necessity to employ any special 
instrument in the testing for equality of potential of the 
points A, B, and C. For all that need be done is to remove 
an infinity plug on the bridge, close the galvanometer circuit, 
but not that of the testing battery, and adjust m,, mg, n,, Ng 
until the galvanometer remains at zero. 


XL. Breath Figures. 
By W. B. Crort, M.A.* 


Firty years back Prof. Karsten, of Berlin, placed a coin 
upon glass, and by electrifying it made a latent impres- 
sion, which revealed itself when breathed upon. About the 
same time Mr. W. R. (now Sir W. R.) Grove made similar 
impressions with simple paper devices, and fixed them so as 
to be always visible. A discussion of Karsten’s results occurs 
in several places, but I have not been able to find details of 
his method of performing the experiment. During my 
attempts to repeat it some effects have appeared which seem 
to be new and worthy of record. 

After many trials I found the following method the most 
successful:—A glass plate, 6 inches square, is put on the table 
for insulation : in the middle lies a coin with a strip of tinfoil 
going from it to the edge of the glass: on this coin lies the 
glass to be impressed, 4 or 5 inches square, and above it a 
second coin. It is essential to polish the glass scrupulously 
clean and dry with a leather : the coins may be used just as 
they usually are, or chemically cleansed, it makes no differ- 
ence. The tinfoil and the upper coin are connected to the 
poles of a Wimshurst machine which gives 3 or 4 inch sparks. 
The handle is turned for two minutes, during which one-inch 
sparks must be kept passing at the poles of the machine. On 
taking up the glass one can detect no change with the eye or 
the microscope ; but when either side is breathed upon, a clear 


* Read June 24, 1892. 


SERA oh 


PE Te Ee RE ROR Cre NS SEN RE PER OPE UAE Alea SONNY RE 


MR. W. B. CROFT ON BREATH FIGURES. 347 


frosted picture appears of that side of the coin which had faced 
it: even a sculptor’s mark beneath the head may be read. 
For convenience those parts where the breath seems to adhere 
will be called white, the other parts black. In this experi- 
ment the more projecting parts of the coin have a black 
counterpart, but there is a fine gradation of shade to corre- 
spond with the depth of cutting in the device: the soft 
undulations of the head and neck are delicately reproduced. 

The microscope shows that moisture is really deposited over 
the whole surface, the size of the minute water granulation 
increasing as the point of the picture is darker in shade. 

There seems to be no change produced by the use of coins 
of different metals. 

If sparking is allowed across the glass instead of at the 
poles of the machine, traces of metal are sometimes deposited 
beyond the disk of the coin, but not within it. 

Around the disk is a black ring } inch broad: sometimes 
the milling of the coin causes radial lines across this halo. 

If carefully protected there appears to be no limit to the 
permanence of the figures, but commonly they are gradually 
obscured by the dust gathered up after being often breathed 
upon : some of the early ones, done more than two years back, 
are still clear and well defined in the detail. 

It is possible to efface them with some difficulty by rubbing 
with a leather whilst the glass is moist. They are best pre- 
served by laying several together when dry and wrapping 
them in paper: they are not blurred by this contact. 

It is a curious fact that certain developments take place 
after a lapse of some weeks or months. The dark ring 
around the disk gradually changes into a series of three or 
four, black and white alternately ; other instances of such a 
change will be noted below. 

Let it be noticed that in coin pictures the object is near to, 
but not in contact with, the glass: for in tho best specimens 
the rim of the coin keeps the inner part clear of the surface. 

Obviously a small condenser is made by the coins: it is 
not essential; at the same time images made by a single coin, 
put to a single pole, are inferior. a f 

The plan which gives the surest and most beautiful results 
is to place five or six coins, lying in contact side by side in a 
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cross or star, on either side of the glass: it is not necessary 
that each coin should exactly face one on the other side. 

There has not appeared any distinction between the figures 
made by positive and negative electricity. 

When several coins are side by side, touching one another, 
there appear in the spaces between them, which are mostly 
black, well-defined white lines, common tangents to the cir- 
cular edges of the coins. If these are of equal size the lines 
are straight; otherwise they are curved, concave towards a 
smaller coin. They seem to be traces in that plane of the loci 
of intersection of equipotential surfaces. 

Similar effects are obtained when coins and glasses are piled 
up alternately, and the outer coins are put to the poles of the 
machine. With six glasses and seven coins perfect images 
have been formed on both sides of each glass. With eight 
glasses the figures were imperfect ; but there is little doubt 
this could be improved by continued trials as to the amount 
of electricity applied. 

If several glasses are superposed and coins are applied to 
the outer surfaces, there are only the two images at the outside. 
After the electrification there is a strong cohesion between 
the plates. 

It requires some practice to manage the electrification so 
as to produce the best results, There are two forms of failure 
which present interesting features. Sometimes a picture 
comes out with the outlines dotted instead of being continuous. 
At other times, if the electrification is carried too far, the 
impression comes out wholly black ; but on rubbing the glass 
when dry with a leather the excess is somehow removed. 
Naturally it is difficult to rub down exactly to the right point, 
but I have succeeded on several occasions in developing from 
a blank all the fine detail of elaborate coins. 

Here, again, we have another instance of the development 
by lapse of time, for an over-excited piece of glass usually 
gives a clear picture after an interval of a day or two. 

Impressions from stereotype plates have been taken of 
which the greater part is legible: the distinctness usually 
improves after a few days. In default of a second plate, a 
piece of tin-foil about the same size should be put on the 
opposite side of the glass. 
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Sheet and plate glass of various thicknesses have been used 
without any noticeable change either in the treatment or the 
results. 

I have put an impressed glass on a photographic plate in 
the dark, but did not get any result on developing : my im- 
perfect skill in photographic matters leaves this experiment 
inconclusive. 

Probably all polished surfaces may be similarly affected: a 
plate of, quartz gives the most perfect images, which retain 
their freshness longer than those on glass. 

Mica and gelatine give poorer results : it is not possible to 
polish the surface to the necessary point without scratching it. 

On metal surfaces fairly good impressions can be produced 
if,as Karsten advises, oiled paper is put between the coin and 
the surface. 

In the order of original discovery the figures noticed by 
Peter Riess should come first. He discusses a breath-track 
made on glass by a feeble electrical discharge ; as well as two 
permanent marks, noticed by Ettrick, which betray a disin- 
tegration of the surface. 

I have found that when a stronger discharge is employed 
more complex phenomena of a similar kind are produced. A 
6-inch Wimshurst machine is arranged with extra condensers, 
as if to pierce a piece of glass. If this is about 4 inches 
square the spark will generally go round it. For a day, 
more or less, there is only a bleared watery track, ;3, inch 
wide, when the glass is breathed upon; but after this time 
others develop themselves within the first, a fine central 
black line with two white and two black on either side, the 
total breadth being the original 73, inch. These breath-lines 
do not precisely coincide in position with the permanent scars, 

but the central one is almost the same as a permanent mark, 
which the microscope shows to be the sarface of glass frac- 
tured into small squares of considerable regularity : on either 
side is a grey-blue line always visible, which Riess ascribes 
to the separation of the potash. After several months I found 
two blue lines on either side, which I believe were not visible 
at first. Of course these blue lines may be seen on most 
Leyden jars, where they have discharged themselves across 
the glass. 
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In 1842 Méser, of Kénigsberg, produced figures on 
polished surfaces by placing bodies with unequal surfaces 
near to them: the action was ascribed to the power of light, 
and his results were compared with those of Daguerre. 
Méser says, “ We cannot therefore doubt that light acts 
uniformly on all bodies, and that, moreover, all bodies will 
depict themselves on others, and it only depends on extrane- 
ous circumstances whether or not the images become visible.” 
In general, the multitude of images would make confusion ; 
it can only be freshly polished surfaces that are free to reveal 
single definite impressions. However great Méser’s assump- 
tion may be, there are many achievements of modern photo- 
graphy that would be as surprising if they were not so 
familiar. I have not the means of knowing the precise form 
of Moéser’s methods: in the experiments which follow there 
is usually contact and light pressure, and if they are not 
wholly analogous, they may for that cause help to generalize 
the idea: in none of these is electricity applied. 

A piece of mica is freshly split, and a coin lightly pressed 
for 80 seconds on the new surface: a breath-image of the 
coin is left behind. At the same time it may be noticed that 
the breath causes abundant iridescence over the surface, whilst 
it is ina fresh state. It is not clear how the electricity of 
cleavage can have an active agency in the result. 

It is familiar to most people that a coin resting for a while 
on glass will give an outline of the disk, and sometimes faint 
traces of the inner detail when breathed upon. 

An examination-paper, printed on one side, is put between 
two plates of glass and left for ten hours, either in the dark 
or the daylight: a small weight will keep the paper in continu- 
ous contact, but this is not necessary if thick glass is used. A 
perfect breath-impression of the print is made, not only on 
the glass which lay against the print but also on that which . 
faced the blank side of the paper. Of course the latter reads 
directly, and the former inversely ; the print was about one 
year old, and presumably dry. 

More often both impressions are white, sometimes one or 
other or both are black. At other times the same one may be 


part white and part black, and they even change while being 
examined. 
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During a sharp frost with east winds early in March, 1890, 
these impressions of all kinds were easy to produce, so as to 
be quite perfect to the last comma; but in general they are 
difficult, more especially those from the blank side. 

At the best period those from the blank side of the paper 
were white and very strong ; also there were white spots and 
blotches revealed by the breath. They seemed to correspond 
with slight variations in the structure of the paper, and suggest 
an idea that the thickness of the ink or paper makes a minute 
mechanical indentation on the molecules: the state of these 
is probably tender and sensitive under certain atmospheric con- 
ditions, as happens with steel in times of frost. 

The following experiments easily succeed at any time :— 
Stars and crosses of paper are placed for a few hours beneath 
a plate of glass: clear white breath-figures of the device will 
appear. A piece of paper is folded several times each way 
to form small squares, then spread out and placed under glass : 
the raised lines of the folds produce white breath-traces, and 
a letter weight that was above leaves a latent mark of its 
circular rim. 

Some writing is made on paper with ordinary ink and well 
dried : it will leave a very lasting white breath-image after a 
few hours’ contact. If, with an ivory point, the writing is 
traced with slight pressure on glass, a black breath-image is 
made at once. Of course this reads directly, and the white 
one inversely. It is convenient to look through the glass 
from the other side for inverse impressions, soas to make them 
read direct. 

Plates of glass lie for a few hours on a table-cover worked 
with sunflowers in silk: they acquire strong white figures from 
the silk. 

Tn most cases I have warmed the glass, primarily for the 
sake of cleansing it from moisture ; but I have often gone to 
a heat beyond what this needs, and think that the sensitive- 
ness has been increased thereby. 

It is not not easy to imagine what leads to the distinction 
between black and white, different substances act variously 
in this respect. I have placed various threads for a few hours 
under a piece of glass, which lay on them with light pressure: 
wool. gives black, silk white, cotton black, copper white. A 
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twist of tinsel and wool gives a line dotted white and black ; 
after a time these traces show signs of developing into mul- 
tiple lines as in the spark figures. 

Two cases have been reported to me where blinds with 
embossed letters have left a latent image on the window near 
which they lay ; it was revealed in misty weather, and had 
not been removed by washing. I have not had a chance to 
seo these for myself, but both my informants were accustomed 
to scientific observation. 

A glass which inas lain above a picture for some years, but 
is kept from contact by the mount, will often show on its 
inner side an outline of the picture, always visible without 
breath. It seems to bea dust figure easily removed : possibly, 
heat and light have loosened fine paint particles, and these 
have been drawn up to the glass by the electricity made in 
rubbing the outer side to clean it. ‘The picture must have 
been well framed and sealed from external influences ; most 
commonly dust and damp get in and obscure such a delicate 
effect. 

Iam not able to suggest simple causes for these varied 
effects. I am not inclined to think, except in the case of 
water-colours, which is hardly part of the inquiry, that there 
is a definite material deposit or chemical change; one 
cannot suppose that imperceptible traces of grease, inera- 
dicable as they may be, would produce complete and delicate 
outlines. The cleaning off of impressions may at first seem 
to indicate a deposit ; but this renewal of the surface might 
rather be like smoothing out an indented tin-foil surface : 
such a view might explain the case where a blank over- 
electrified disk is developed into fine detail. The electrified 
figures seem to point to a bombardment, which produces a 
molecular change, the intensity of electricity bringing about 
quickly what may also be done by slow persistent action of 
mechanical pressure. At present it seems as if most of the 
phenomena cannot be drawn out from the unknown region 
of molecular agency. 

While experimenting I was not within reach of references 
to former researches, but I have since done my best to find 
them out, and to indicate all I have learnt in the body of my 
paper. 
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Poggendorff, vol. lvii. p. 492; translated in Archives de 
l’ Electricité, 1842, p. 647. 

Riess’ Electrische Hauchjiguren in Repertorium der Physik; 
translated in Archives de l’ Hlectricité, 1842, p. 591. 

Riess’ Die Lehre von der Reibungs Ellectricitat, vol. ii. 
pp. 221-224. ; 

Mascart, Electricité Statique, vol. ii. p. 177. 

Taylor’s Scientific Memoirs, vol. iii. 


XLI. Inductoscript. By Frepericx J. Surru, V.A., 
Millard Lecturer Mech. et Phys., Trinity College, Oxford *. 


Tux well-known breath figures of Méser, Riess, and Karsten 
suggested to me the idea of producing similar figures on 
photographic plates ; my laboratory day-book for 1878 shows 
that I tried an experiment to determine the action of a dis- 
charge from a coin on to a photo-plate. The image was 
produced on development, but very imperfectly. During the 
last two years an inductorium or transformer has been under 
constant trial in my laboratory. It occurred to me that 
probably its high potential might be used to produce figures 
similar to those of Karsten : plates of glass were cleaned with 
care, and operated on in the way suggested by Karsten, but 
no results were to be got out of it; probably the potential 
difference was not great enough. 

I then went on to place a photo-plate in the place of the 
glass, and on development the exact pattern of the medal used 
was produced ; this showed that a PD, greatly under that 
of a jar discharge, or that of an electrical machine, would 
upset the chemical equilibrium of the photo-plate. Several 
factors appeared to be contributing to the result—the potential 
difference ; the gas in which the experiment was performed ; 
the pressure under which the experiment was done; the 
temperature ; and the history of the plate previous to the- 
experiment. 


* Read June 24, 1892, 
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The following inductoscripts (a name I venture to propose, 
as it somewhat suggests the nature of the process, without 
being hybrid in construction), Nos. A to W, were produced 
under varying circumstances. 

The experiments were performed under a bell-jar, A, B, 
fig. 1. This was placed on the air-pump plate, C, D; a 
round copper disc, H, was supported on the pump-plate on 


Fig. 1. 


three points ; on this disc a sensitive plate, F, was placed, and 
on this the coin the print of which was to be produced. The 
electricity was introduced through the copper rod K, and the 
plate and rod were connected to the terminals of the induc- 
torium, driven by four accumulators in series, each having 
seven plates 12’’ x 12”. 

By means of the curved tube, L, different gases were intro- . 
duced into the bell-jar. 

The intensity of the spark could be regulated by bringing 
the terminals of the inductorium together ; when they were 
brought to within 4mm. of each other the discharge was 
called slight, when placed wide apart it was called full on 
or full. 


The following résults were obtained :-— 


No. panes a = Gas. Electricity. Sista! a 
re 10... Oxygen + Pos.Slight .. 760 

B. 10. vag AL. Cake os. wees 

es 10 "<a Air + Full se 760 

D. 


5. Oxygeri + Moderate .. 760 


ro 
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Time of exposure Pressure in 


No. (seconds). Gas. Electricity. recercen: 
E. LO. Oxygen + Moderate ., 760 
F. LOM Cee Oxygen + Moderate .. 760 
G. 30 Mee Oxygen + Slight ie 760 
H, Sige 84 Coal-gas+ Full ate 760 
I. 710) ee Coal-gas— Slight are 760 
J. 50... Air — Neg. ay 760 
K. aie Air — Full Se 760 
L. 20° 73. Air — Slight os 760 
M. i me ee Air — Slight oy 760 
N.- Year Air — Slight fe 760 
0. Bis an. Oxygen — Moderate .. 760 
12) Do Air — Moderate... 760 


No. Time (seconds). Gast Pressure ae by barometer- 
ube on pump). 
Q. See aes AD .. 745 mm. 
Deatirt ss Oe ae estby .. 745 mm. 
ioe ats Go -.. sAir -. 755 mm., point of conductor 2°5 
cm. above coin, § sovereign. 
T. 5 Air .. 680 mm., point 4 cm. above coin. 

U~. boa Air .. 755°5 mm., point 3 cm. above coin. 

V. 5 .. Oxygen .. 700, point } cm. above coin. 

W. 10 Air .. 760, plate exposed to daylight 
before being used, the image 
developed out, but the whole 
plate quickly turned black all 
over. 

Ae ee 10..." Oxygen... 760. 


It will be noticed that in V and X the discharge has pro- 
duced the peculiar effect of transparent streaks in one direction, 
and black opaque streaks in an opposite direction. During 
the development the black streaks came out first, and some 
time afterwards the transparent ones. Experiments bearing 
on this point will be repeated. 

“It is evident from the inductographs taken zn vacuo that 
a good vacuum materially checks, and ‘nearly stops, the 
phenomenon taking place. , 

It is to be noticed in reading the work on breath figures 
by Grove and Karsten, that Grove tried to set the image by 
coating an electrised plate with collodion and nitrate of silver, 
and then developed out the word Volta (sec. 4, p. 404, 
‘Correlation of Physical Forces,’ Grove). He did not let 
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the electrical discharge act on the silver salt. Again, Karsten 
did not succeed in producing a fixed picture on a daguerreo- 
type plate ; he writes, “If an iodized plate is taken, and a 
picture produced thereon, the vapour of mercury will not 
bring it out, although the image is really on the plate, as 
may be shown by breathing upon it.” Mdser appears to have 
got out pictures by means of water-vapour, but they were 
not permanent effects. 


As a summary of my own work, I would mention that— 


I. The different gases used were oxygen, carbonic acid gas, 
air, coal-gas. Far the best results were obtained in oxygen. 
Experiments with other gases are now being made. 

II. The effect of pressure. No picture could be obtained 
in a good vacuum, only the circular shape of the coin ; as 
as the pressure increased towards the normal the pictures 
became more perfect. 

III. The output of the transformer was regulated by 
resistances put into the primary circuit, also by the rate at 
which the reversing commutator was driven ; the reversing 
commutator is similar to those used on the early Siemens 
machine, and driven from a belt in the laboratory. 

IV. The temperature varied between 5° C. and 100° C. 
Perhaps the effects may have been produced more quickly 
at the higher temperature, but no significant change was 
apparent. 

V. Similar experiments are about to be performed in many 
other gases, and under considerable pressure, up to 10 atmos. 
The apparatus is nearly ready. 

VI. In addition to pictures on photo-plates, good im- 
pressions have been obtained on bromide paper and other 
papers direct. Pictures can easily be got from woodcuts 
after they have been well covered with plumbago. 
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XL. On the Relation of the Dimensions of Physical Quan- 
titves to Directions in Space*. By W. Wi.iams, Assistant 
in the Physical Laboratory, Royal College of Sciencet. 


In a paper read before the Physical Society, Nov. 24, 1888, 
Prof. Riicker showed that in the dimensional formule of 
electromagnetic quanties ~« and k the two specific capacities 
of the medium are generally omitted, or rather their dimen- 
sions are suppressed, and that the consequence of this sup- 
pression is to give rise to two artificial systems of dimensions, 
the electrostatic and the electromagnetic. That these systems 
are artificial appears when we consider that each, apparently, 
expresses the absolute dimensions of the different quantities, 
that is their dimensions only in terms of L, M, and T; whereas 
we should expect that the absolute dimensions of a physical 
quantity could be expressed only in one way. Thus, from uy 
mechanical force between two poles, we get 


f=i(") ee V wf 5 


and this, being a qualitative as well as a quantitative relation, 
involves the dimensional identity of the two sides. If now 
pis put =1, we either zgnore its dimensions or asswme that 
it has none, being but a mere number. In the former case 
the dimensions deduced for m under such circumstances must 
be admittedly artificial, since if the suppressed dimensions of 
p were inserted, those of m would be different, and would 
involve a different physical interpretation. In the latter case 
the dimensions deduced for m must be its absolute dimensions 
and must therefore involve its physical interpretation. But 
if we start with the relation 


f=; (5), Sg=r Vif, 


where f is now the force between two charges q, and if we 


* See Note at the end of the Paper. 
+ Read June 24,1892, and communicated by A. W. Ricker, F.R.S. 
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treat k as a pure number, we obtain for m by means of the 
dimensions of g deduced by this relation absolute dimensions 
again, but different now to what we had before. In this way 
we get two different absolute dimensions for the same physical 
quantity,—each of which involves a different physical inter- 
pretation. If, however, » and & be not mere numbers, but 
concretes expressing physical properties of the medium, as is 
indeed proved by the relation 
[wk] = (L*0")*, 

then the fact that the dimensions of electrical and magnetic 
quantities are different in the two systems arises only from 
our ignorance of the dimensions of « and k, which must be 
such as to bring the two systems into accord when ultimately 
expressed in terms of L, M, and T. Prof. Riicker therefore 
suggested that «4 and & should be admitted into the formule 
along with L, M, and T, and that, since nothing is definitely 
known as to their physical nature, they should be regarded as 
secondary fundamental units, additional to L, M, and T, but 
which must be ultimately expressed in terms of them. There 
is thus, in each formula, an indication that the irrational and 
unsuggestive dimensions are not absolute as they stand; each 
formula is made to express a physical reality, and each con- 
tains in the proper form the factor necessary to render the 
formula adsolute. This system has been adopted, among 
others, by Prof. Gray in his smaller edition of ‘ Absolute 
Measurements in Electricity and Magnetism, and by Prof. 
Everett in his last. edition of ‘ Units and Physical Constants.’ 

Prof. Fitzgerald has pointed out (Phil. Mag. April 1889) 
that if a system be taken “in which the dimensions of uw and k 
are the same, and of the dimensions of a slowness, that is the 
inverse of a velocity (L~'T), then the two systems become 
identical as regards dimensions, and differ only by a numerical 
coefficient just as centimetres and kilometres do.” But 
although w and & are quantities of the same order, both being 
capacities, their dimensions need not necessarily be the same, 
unless electrification and magnetization be phenomena of the 


* See also “ On the Dimensions of a Magnetic Pole in the Electrostatic 
System of Unite,” Dr. Lodge, Phil. Mag. Nov. 1882. 
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same order as well. If, however, these be different orders— 
as they almost certainly are—the one possibly a strain, the 
other a vortex motion, then itis unlikely that & and p, bearing, 
as each does, similar relations to two dissimilar phenomena, 
should have identical dimensions, 

In one of the Appendices to ‘ Modern Views of Electricity ’ 
Dr. Lodge develops a system in which » and k-! have re- 
spectively the dimensions of density and rigidity. It is then 
found that the dimensions of all the other quantities become 
unique, and capable of purely dynamical interpretations. 
Thus, magnetic moment becomes linear momentum; magnetic 
induction, linear momentum per unit volume; magnetic force, 
velocity; electrical force, pressure ; current, displacement x 
velocity ; self-induction, “inertia per unit area,” &. Ina 
similar manner other such systems may be developed. Thus, 
take the equation 

Fame Pee: 
where F is an impressed force, M the mass of a moving body,, 
v its velocity, and k a coefficient of resistance. Compare this 
with 

oc 
E=L 5t + RC, 

where E is the voltage of a closed circuit, L its self-induc- 
tion, C the current, and R the resistance. Let us identify 
E and F dimensionally, and work out the analogy in detail. 
To do this, we have only to equate the dimensions of E and 
F, and find what value of yw satisfies the relation. Then sub- 
stituting this value of u in the formule of the other quantities, 
we are able to complete a connected dynamical analogy of 
electromagnetism by starting with voltage as a force. In this 
case, we find that electrification is a displacement ; current, a 
velocity ; electrical potential, force ; quantity of magnetism, 
linear momentum; self-induction, inertia, &. In a precisely 
similar manner, by starting with the equation 

es 19° nDes, 


where G is a couple, I a Moment of Inertia, and w an angular 
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velocity, we get: electrification, a strain; electrical potential, 
work; electrical force, force; current, angular velocity; quantity 
of magnetism, angular momentum ; self-induction, moment of 
inertia, &c. In all cases we are able, by means of the dimen- 
sional formulz expressed in terms of » and k, to work in 
detail any dynamical analogue we may choose to take as a 
starting-point. Of course all dimensional values of yp, 
together with the corresponding ones for k, must render 
electromagnetic dimensions unique. It is only some of these, 
however, that give rise to formule capable of dynamical 
interpretation, and it will be found on examination that the 
number of such values is small. Now, if electromagnetism 
is ultimately dynamical, the dimensions of electromagnetic 
quantities must be of the same kind (ultimately) as those of 
ordinary dynamical units. Hence, by examining all the 
possible cases in which the dimensions of mw and & lead 
in the case of the other electro-magnetic quantities to 
dimensions of the dynamical order, we may be able to obtain 
some light as to the nature of w and & themselves. To show 
how this may be done,and the kind of results obtained will 
be the object of the following paper. 

Before doing this, however, it becomes necessary to examine 
in more detail the real nature of dimensional equations, and to 
determine how far they are capable of giving reliable results 
when used in the way here suggested. Primarily, a dimen- 
sional formula expresses only numerical relations between 
units, and for the purpose of the present paper is defective 
from the fact that different physical quantities have the same 
dimensional formule. For example, couple and work, as 
pointed out by Prof. 8. P. Thompson in the course of the 
discussion on Prof. Riicker’s paper above referred to; or, 
again, an area and the square of the same vector-length ; pres- 
sure and tangential force per unit area, &c. If, therefore, di- 
mensional equations are to be used at all in the sense above 
indicated, it becomes necessary, in the first place, to be assured 
that the process is valid, and, in the second place, that no 
contradictory or unintelligible results arise from causes such 
as the above. 

The dimensional formula of a physical quantity expresses 
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the numerical dependence of the unit of that quantity upon 
the fundamental and secondary units from which it is derived, 
and the indices of the various units in the formula are termed 
the dimensions of the quantity with respect to those units. 
When used in this very restricted sense, the formule only 
indicate numerical relations between the various units. It 
is possible, however, to regard the matter from a wider 
point of view, as has been emphasized by Prof. Riicker in 
the paper above referred to. The dimensional formule may 
be taken as representing the physical identities of the various 
quantities, as indicating, in fact, how our conceptions of their 
physical nature (in terms, of course, of other and more fun- 
damental conceptions) are formed—just as the formula of a 
chemical compound indicates its composition and chemical 
identity. This is evidently a more comprehensive and funda- 
mental view of the matter, and from this point of view the 
primitive numerical signification of a dimensional formula 


- as merely a change ratio between units becomes quite a 


dependent and secondary consideration. 
The question then arises, what is the test of the identity 


of a physical quantity? Plainly, it is the manner in which 


the unit of that quantity is built up (ultimately) from the fun- 
damental units L, M, and T, and not merely the manner in 
which its magnitude changes with those units. Thus, the unit 


~ couple and the unit of work both change in the same manner 


with the unit length, but they are physical quantities of dif- 
ferent kinds. Their numerical dependence upon L, M, and 


- T is the same, as expressed by the formula (MLT~7)L, but 
' the manner the unit length enters their definition is different : 


in the case of work the two units of length involved are in 
the same direction ; in the case of couple they are mutually 
at right angles. The absolute measure of a force is the work 
done through unit linear displacement ; similarly, the absolute 
measure of a couple is the work done through unit angular 
displacement. Hence the relation between couple and work 
is similar to that between force and work, the difference 
being that angular displacements are considered in the 
former case, linear displacements in the latter. But the 
measure of an angular displacement is independent of the unit 


length. Hence, in expressing the numerical dependence of 


Y 
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the unit couple and the unit of work upon the fundamental 
units we get the same formula ML*T-*, although the difference 
in the physical nature of the quantities is of the same kind as 
that between force and work. And generally, when used in 
the purely numerical sense above indicated, the dimensional 
formule fulfil all requirements; it is only when endowed with 
the higher function of defining the physical identities of the 
various quantities that they are found to fail. 

That the dimensional formule are regarded from this higher 
standpoint—that is, regarded as being something more than 
mere “change ratios” between units—is shown by the fact 
that difficulties are felt when the dimensions of two different 
quantities, ¢. g., couple and work, happen to become the same. 
If, however, the numerical dependence of the units of the two 
quantities upon the fundamental units be the same, and if the 
formule are to express nothing more, then the two quantities 
must have the same dimensions, and from this point of view 
we are not entitled to feel any difficulty in the matter. That 
such difficulties are felt arises therefore from the more com- 
prehensive signification which is attached to the formule—a 
signification which obviously includes all the numerical consi- 
derations which alone constitute the more restricted one. 

Let us, therefore, for the purpose of the present paper, 
regard the dimensional formula of a quantity as the symbolical 
expression of the physical nature of that quantity, so far, of 
course, as it depends upon the fundamental conceptions of 
mass, space, and time (and, in the case of thermal and elec- 
trical quantities, of secondary conceptions also ultimately 
dependent upon mass, space, and time). To obtain the 
formula for any quantity, it is only necessary to express how 
the unit of the quantity is built up from the fundamental and 
secondary units. Now, the units of mass and time, and all 
secondary units, are involved in all physical units in a simple 
manner. They are raised to different powers. But, owing 
to the dimensions of space, the unit of length is involved in 
different ways, according to the different relative directions in 
which it may be taken. In all cases, however, the unit of 
uny quantity can be completely expressed—so far as it in- 
volves the unit length—by taking the unit length along one 
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or more of three mutually rectangular directions Oz, Oy, Oz, 
whose absolute direction in space is of course determined by 
the nature of the physical relation into which the quantity 
enters. The dimensional formule can therefore be expressed 
in terms of M, T, and X, Y, Z, where M is the unit of 
mass, T the unit of time, and X, Y, Z the unit of length 
taken respectively along the directions Oz, Oy, Oz. Thus, if 
MXT” is the unit of force, MX?T ® is the unit of work ; 
MXY“Z"T~”, energy per unit volume ; MXZT~, a couple 
in the plane XZ, &. The above quantities are, of course, the 
same in kind but different in direction from MYT~*, MZT~™, 
&e. This method of expressing the dimensional formule is 
nothing more than a modified extension of Prof. 8. P. 
Thompson’s suggestion as to the use of V —1 in dimensional 
formule, as will appear more fully later (see discussion on 
Prof. Riicker’s paper above referred to). 

When it is necessary to determine the numerical dependence 
of the unit of a quantity upon the fundamental and secondary 
units, the distinction between units of length taken in different 
directions must be suppressed, and the unit of length in what- 
ever direction taken must be represented by a single symbol 
L. The index of L will therefore be the sum of he indices 
of X, Y, and Z, and the formulz thus simplified will indicate 
the changes in the magnitude of the unit when the funda- 
mental and secondary units are themselves changed. Thus, 
we can immediately deduce from any formula the particular 
and simplified form it assumes when only the numerical rela- 
tions between units are to be considered. It will be convenient 
to a tetate these simplified forms of the formule the “ change 
ratios ’’ of the units, and to reserve the term “dimensional 
formulz ” for the more general forms in which the identities of 
the quantities are primarily concerned. 

The dimensions of the ordinary dynamical quantities may 
now be expressed :—. 


; Inertia = M. 

e engthy =X) Y, or-Z; 

. Area Bey, 1 2, or ZX. 
. Volume = XYZ. 

Density = MX 


SUR OF he 
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6. Velocity = =X To Yr MA iia 

7. Acceleration = XT”, PreerTe 

8. Linear momentum = XT") MYT", MZT™. 

9. Forree = MXT°, MYT”, MZT~. 

10. Work = MX*T", MYT, MZ°T ~. 

11. Energy per unit volume = MXY7 2 ie 
MX<VReTT. Mx ¥ ZI. 

12. Pressure = MXY-Z'T-2, [Force = MXT~, 
per unit of surface YZ] Ke. 


Thus, the dimensions of pressure are the same as those of 
energy per unit volume, as should be the case, for the pressure 
at a point in a gas is given by p=4pV°, where p is the den- 
sity and pV? is ‘or the dimensions of energy per unit volume. 
The case is different from that of W=G6, where W is the 
work done by a couple G through an angular displacement 0. 
In the former case, p is the same in kind as pV’, nothing 
concrete intervening. In the latter case, G@ cannot be the 
same as W unless @ be a mere number, having no reference to 
anything concrete, which is not the case. 


13. Couple = MXYT~, (Force along X or Y, Arm 
Y or X) Ke. 


The rational measure of an angle is = : *, where sis the are 
destribed by the radius r rotating noni one extremity. Let 


Os be an element of the arc, then s= 0s, and gn 708, or 
s 


30=%%, 
ri 
an element at right angles to r, Qs will be measured along Y 
or Z. If these directions (X, Y, Z) be carried along with r— 
that is, if we take instantaneous axes at every point of the 
arc—the axes bearing the same relation to the radius and 


Let r be measured along X, then, since 9s is always 


tangent at every point, we get 90=%, and 920". To 
wv 


express this dimensionally, we have to neglect the summation 
>; for a dimensional formula expresses the nature of a quan- 
tity, not its magnitude, and the same formula must therefore 


apply to both @ and 0@. The dimensions of @ and 96 are 
therefore YX~'. 
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14. Angles = XY™, (Direction of radius Y, of the 
are X) &e. 

15. Angular Velocity = XY"'T™, &. 

16. Angular Acceleration = XY~'T~?, 

17. Moment of Inertia = MX?, MY?, MZ?. 
Moment of couple MXYT” 
Rimcleswoioe = xyes = ME, Ao. 

18. Angular Momentum = Iw = MY?(XY"')T™ 
=MXYT ", &. 

19, Energy of Rotation = 4Io? = MY*(XY")T? 


=MX?T~, ke. 
DUA Caples 1% = MY{XY-)T? = MXYT”. 
21. Work done by a couple=G0=(MXYT”*)(XY~’) 
=MX°T, 


22. Solid angle = 90 = oe where 0a is an element 


of area on the surface of a sphere radius 7. Taking in- 
stantaneous axes, X being always along the radius, and Y, Z 
in the tangent plane at a point, this becomes dimensionally, 


[ao]= (YZR"). 


The quantity 7 may enter into physical relations in two 
different ways. It may enter in its purely geometrical or 
trigonometrical capacity as a definite number of radians (or, 
what is equivalent, as the ratio of the circumference of a circle 
to its diameter), and be thus definitely related in a physical 
sense to the other quantities ; or it may enter in its numerical 
capacity as part of a numerical coeflicient determined by 
higher abstract analysis. Cases of the former kind only have 
to be considered in the following paper. In these cases 7. 
enters the relations (ultimately) as a definite number of plane 
or solid angles, and it therefore consists of two factors, namely, 
a numerical factor, 3:14'"*, and a concrete factor, the unit 
plane or solid angle. We may therefore speak of the dimen- 
sions of 7, meaning thereby the dimensions of the plane or 
solid angles which it in such cases implies, and the dimensional 
identity (in the directional sense) of the relations into which 
it so enters cannot be complete if the concrete factor is 
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neglected. Thus, let A=4zr*, where A is the surface of a 
sphere of radius 7. Taking axes as in 22, this becomes dimen- 
sionally YZ=(YZX~*) X’, and the relation is not true if 47 be 
treated as a pure number unless an area is represented by the 
square of a vector length, instead of by the product of two 
different vector lengths as in vector algebra. Similarly, in 
the relation V=47r°, V being a volume, 7 is of the dimen- 
sions of a solid angle, while in /=2r, where / is the circum- 
ference of a circle, it is of the dimensions of a plane angle. 

The significance of 7 as it occurs in electromagnetism in 
connexion with radial and circuital fluxes will be considered 
later. 

The following examples serve to illustrate this method of 
expressing dimensional formule. 

23. Radius of Curvature—Bending per unit length ofa 


jg. 1, 


curve. Let AB be an element of a curve, and let the tan- 

gents at A and B intersect at O, making an angle 9¢. The 
Leer AP 

angle O¢ is ultimately = OP" If AP be taken along the 

normal X at A, and OA along the tangent Y, then AB is 

also ultimately along Y, and may be written oy. Hence the 


curvature becomes ob or dimensionally (AY~") Y= ae 


Oy 
where XY~ are the dimensions of O¢, and Y those of AB. 
The radius of curvature at O is therefore of the dimensions 


(VARS): 
24. Centrifugal Force—Let a particle describe the path 
AB with velocity V, the centrifugal force is F=(m ~). 
p 


Taking instantaneous axes at A, as in 23, this becomes 
dimensionally 


[F)= M(y?T™) (XY~*) =MXT~. 


Thus the force is directed along the radius X. 


C 
ultimately ay 
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25. Compressibility—Hydrostatic pressure is of the dimen- 
sions MXT*(YZ)“, according to the direction of the plane 
of reference YZ. Strain is here of no dimensions, being the 
ratio of two concretes of the same kind. Hence the dimen- 
sions of compressibility are M~*X~"YZT?. 

26. Rigidity—A simple shear is a homogeneous strain in 
which all planes parallel to a fixed plane are displaced in the 
same direction parallel to that plane and therefore through 
spaces proportional to their distances from that plane” (Kelland 
and Tait’s ‘Quaternions,’ p. 204). Let the planes of displace- 
ment be the planes XY, and the direction of displacement X. 
The applied stress (tangential force per unit area) is 


MXT~ wae 
XY =MY' T 
The shear is XZ~*. Hence the rigidity is of the dimensions 
Myo t 


"xz 7 Xa vers) : 


The velocity of propagation of a wave of distortion is 


V= ne ”, n= rigidity. Hence 
p 


ya) eee ar 
M(XYZ) 
Thus, the applied stress acts over the face XY, and the dis- 
turbance is propagated along Z. 
97. Torsion..—Let OABC be the section of a cylinder, axis Z 
and radius Y, subjected to torsion; aA Bb the face of an elemen- 
tary cube edge Or, bounded as in the figure; and @ the twist per 


unit length. The shear experienced by the elementary cube is 


=r6, or dimensionally XZ" (for @ is of the 
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dimensions XY~*Z~', and r=Y). Let P=nré be the applied 
stress (tangential force per unitarea). Then[P]=MY~‘T™’. 
The tangential force over ring of which aA Bd forms part 
=(2rrdr)nrO=2rr’nOOr, or dimensionally MYT *(4Y)= 
MXT~*, and the moment of this round O = 2ar*nOOr, or 
dimensionally MXYT~*. The moment due to the whole face 


= QnndS. ror= ("=") 6, 


2 
where R=OA, and this is of the same dimensions as 2xnr*OQr, 


for the 7* in the former expression is of the same dimensions 


4 
as r°Qr in the latter. Thus eth is of the dimensions 


MXS To ‘ 
To determine from this the dimensions of 7r we have 
[anrt0]=MXYT~’, 
(6) =XY"Z", 
Cal eee os 
[n] =MZ(XY)""T”’; 
- [e]MZ(XY) Oa Yt. (KY 2 a MY 
fe ey, 
Thus 7 in this case is of the dimensions of a plane angle 
in the plane XY. 
28. Viscosity.—The viscous resistance between planes moving 
with relative velocity u= 9 is given by F=3(NmoL&*) 
z 
(Clausius). Taking the components of » and L along Z 
(normal to direction of motion) this becomes dimensionally 


Ae? #5 ey |. s. 
FI=(xyz)(1)@(n)=MY'T =X 
a tangential force in the plane of motion (XY). The co- 
efficient of viscosity is 
Es, eee ane 
= du XZ = MZ(YZ)~"T 


dz 


= Tangential foree per unit area + shear per unit time. 
29, Sunfuce Tension —Tangential force per unit length 
normal to itself. Let Y be the direction of force in the plane 
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YZ, and K the surface tension. Then 
Det? 
[K]=myz-r_ MYT" 


= Energy per unit area. 


Fi 


3. 


oO 
g. 
x Zz 


Let AOB be a normal section of a cylindrical liquid film, 
axis Z, radius X. The normal pressure due to the curvature 


is K (;) , or dimensionally 
MY Ti xy SM NY 7) T=". 


as should be the case. 

The above examples are sufficient to illustrate the method 
of expressing dimensional formule in terms of RV ae olin 
all the above cases isolated quantities only are dealt with, and 
therefore the relation of the directions of directed quantities 
to the dimensional axes is a matter of indifference. This is 
not so in the case of equations between quantities. Here, 
however, we have only to transform the equations to Carte- 
sian co-ordinates and then express the dimensions of each 
term by means of the above. Thus, let A, B, CO, ... be 
quantities connected by the equation 

Re Dot D+. ses 0s 

Expressed in Cartesian co-ordinates this becomes 

Cateye to BB) (C.F C+) ws = 05 
and we can now immediately express the dimensions of every 
term. We tbus get the dimensional expression of the equation 
itself. A physical equation implies that the quantities con- 
nected are the same in kind. ‘There must, therefore, be a 
dimensional identity between the various terms. This holds, 
however, in its wider or directive sense only of component 
quantities in the same direction, for if we equate any term 
in the above to all the rest we always get a term such as A, 
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equated to another such as A,, the same in kind, but different 
in direction. If, however, we write the equation 


(A,+B,+C,+...)+(A,+B,+ ...)+(A,+B,+ ...)=0, 


there must now be a dimensional identity in the directional 
(X, Y, Z) sense between the terms in the same bracket. 

Up to the present the dimensional formule have been re- 
garded as purely conventional. It is now necessary to ex- 
amine whether the conventions made use of can be justified 
in any other way ; and it becomes important to have a clear 
physical distinction between pure numbers and concretes, for, 
according to the above conventions, dimensional formule are 
now extended to include quantities hitherto regarded as pure 
numbers. 

Every concrete quantity should have definite physical di- 
mensions in the extended sense of the term; only pure 
numbers should be quantities of no dimensions. For physical 
purposes, a pure number may be defined as the ratio of two 
concretes of the same kind. If the concretes are directed 
quantities, their ratio is not a pure number unless they are 
similarly directed. Thus, the ratio of a force along X to that 
along Y is of the dimensions (MXT~*)/((MYT~*)= XY~'; that 
is, of the dimensions of an angle, or rotation, indicating that 
to compare the scalar magnitude of the two forces, they have 
to be rotated into coincidence. And, generally, the ratio of 
any two directed quantities of the same kind is a pure number 
together with a quantity of the nature of rotation, the latter 
being the versor part of the quotient of two vectors. Since 
the measure of a rotation is independent of the unit length, 
the versor part of the quotient is a pure number so far as the 
scalar unit lengthis concerned. It cannot, however, be truly a » 
pure number, for different degrees of rotation are compared 
in terms of definite units of rotation. Hence, a versor, or its 
equivalent, an angle, or an angular displacement is a concrete 
quantity equally well with mass, length, and time, and should _ 
have its own proper dimensions. It is only because of the 
restriction of the term “concrete” to quantities the magni- 
tudes of whose units change with the units of length, mass, and 
time that concretes of the nature of angles, and angular dis- 
placements, come to be regarded as purely numeric. From 
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this point of view, therefore, a pure number is always of the 
nature of a tensor, or rather, unity must be regarded as the 
dimensional yaa of a tensor, and of physical quantities 
of like nature, e. g. Bohinc-strains * 

Let a, B, y be three vectors nse -coplanar). Then 

1. a, 8, or y=Linear displacements, or lengths in magni- 
tude and direction. 

2. V(«B) &c.=Area of parallelogram bounded by a, 8. 

3. S(«By)=Volume (neglecting sign) of parallelopiped 
defined by a, 8, 


4. U==Versor= =Angular . displacement re uired to 
g p q 


bring 8 parallel to «. 

If a, 8, y be vectors mutually at right angles, it is un- 
necessary to distinguish between scalar and vector products, 
and if they be also equal, between tensors and versors, for the 
product of any two vectors is now a vector, and of three a 
scalar: the quotient of any two is a versor, since the tensor 
=1; while the product of parallel vectors is always scalar. 


We may therefore take a, a8, «By, 2 , and = (or unity) as 


the typical representatives of the respective ideas of vector 
lengths, areas, volumes, angles, and pure numbers (tensors). 
If, now, we call these the dimensional formule (that is, the 
physical representations) of these ideas, we see that the tensor, 
although a guasi-physical quantity like the versor, becomes 
physically represented according to the above conventions by 
unity, while the versor is represented by the ratio of two 
vectors. Thus, the meaning of the fact that tensors and phy- 
sical quantities of like nature are of no dimensions, is that 
their dimensional representation according to the above con- 
ventions simplifies down to unity. No other physical quan- 
tities are, however, dimensionally represented by unity. We 
may, therefore, say that tensors &c. are also physical quans 
tities, and therefore concrete, and that since every physical 
quantity consists of two factors, namely a pure number and a 
concrete, we may regard a pure number when occurring alone 
in a physical relation as a physical quantity whose concrete 
factor is a tensor. Since, however, the term “ concrete” is 

* See “The Multiplication and Division of Concrete Quantities,” 
Prof. A. Lodge, ‘Nature,’ July 19, 1888. 
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reserved for those quantities which cannot be completely 
specified by pure numbers, we come ultimately to regard a 
tensor as a pure number, and the versor as a concrete 
quantity. 

If we substitute for «, 8, y in the above X, Y, Z respec- 
tively, we get the same expressions for lengths, areas, volumes, 
and angles as already obtained in the dimensional formule. 
Hence, we see that the conventions made as to the dimen- 
sional representation of the various quantities, namely, that 
areas, volumes, and angles should be represented by products 
and quotients of different vector lengths instead of by powers 
and quotients of a given one, are justified by the fact that they 
are consistent with the meanings of products and quotients 
of rectangular vectors. For the products and powers of 
parallel vectors can never represent areas or volumes, and 
their ratios can be nothing but pure numbers. 

Dimensional formule may be conveniently expressed in 
this way, that is, by taking three rectangular vectors in space 
as axes of reference. We may, of course, suppose X, Y, Z 
to be the vectors. Then the formule already deduced will 
be unaltered, except that the proper signs have to be inserted 
according to the order the products and quotients are per- 
formed. The great advantage of thus supposing X, Y, Z to 
be vectors instead of mere Cartesian lengths is that the dis- 
tinction between scalar and vector quantities is made apparent 
by the formula. Thus, X?, Y?, Z?, or R? (R being any vector) 
are scalars; X, Y, Z, XY, YZ, ZX, XY~', YZ", ZX and 
their reciprocals are vectors; and (XYZ) a scalar. To make 
the formule exhibit at the same time the numerical depen- 
dence of the derived upon the fundamental units, we may 
put X=7L, Y=jL, Z=&L, i,j, k being quadrantal versors 
oe L the scalar unit length. Thus, neglecting signs, we 
lve i— 


Forcee=MXT~?=M(iL)T~. 

Work =MX?T?=M (iL) T?=ML?T~?, 

Couple=MXYT?= Milt? = MkL?T~, 

Knergy per unit volume, = (ML?T-*)L7>= MLs Tes 
for volume= (kL?) =L*, jkh=1. 


TN 


ATS 


4 


XZ 
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MxXTS MLE 
REZ gk LF 
Tangential force per unit area= MY!’ = M(jL)"T. 


Angle=XY*=(iL)(jL) = tis ;? =k. 


=ML"'T™, (i=jk). 


Pressure = 


Work done by a couple=MXYT~*(XY~') =(MyL?T ”)k 
=ML*T, (jk=1). 
Thus, the indices of M, L, and T indicate the numerical 


dependence of the derived upon the fundamental units, the 


formule being identical in this respect with the ordinary ones, 


_ while the directional properties of the quantities are clearly 


differentiated by 2, 7, k. 

Multiplying the numerator and denominator of a formula 
by X, Y, or Z makes no change in its physical interpretation. 
For physical quantities differ from each other only in their 
numerical dependence upon the fundamental units, and their 
“‘space relations,” the former being expressed by the scalar 
part of the formula L, M, T, the latter by the vector part, j, f. 
But if X, Y, Z be equal rectangular vectors, the tensors of 
De OY) , 
X’Y’Z 
change can be made in the scalar or vector part of any 
formula into which they may be multiplied. Thus :— 


are unity, and their versors are zero. Hence, no 


om—2 
Force=MXT-?= ~*~ 
= Space rate of variation of energy along X. 
y—2 
Force=MXT-? ae : = Couple per unit area. 
Sine. Moe 
Tangential force per unit area= MY Tr= XY 
OVA 
= Force along X in plane XY= —>7 
= Force along Z in plane YZ. Fig. 4. 
These are the two components of a shearing- nee 
stress referred to a unit cube. Multiplying by Els 
r Xe -2 3 F 
ae we get oe = Couple per unit volume. 4 Z 
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Now, a shearing-stress must be of the nature of a couple, 
for a shear is of the nature of an angle, and the product 
of the stress into the shear is work done per unit volume. 


MX 


Surface tension= = ia oll = Energy per unit area. 
xT <1 . 
Pressure = ey = er = Energy per unit volume. 


Since, as above shown, we obtain the same dimensional 
formulz by Cartesian and vectorial methods, we may attach to 
X, Y, Zand their products and quotients in these formule 
either purely vectorial or purely Cartesian meanings just as 
we please: in both cases, the formule represent the same 
physical identities. When X, Y, Z are vectors the formule 
express the directional properties of the corresponding quan- 
tities. [An inspection of a formula shows this, for the pro- 
ducts and quotients of two rectangular vectors are vectors 
directed normally to the planes containing the original vec- 
tors, and the products and quotients of parallel vectors are 
scalar}. Thus: Pressure MX(YZ)~'T™, scalar, for YZ is 


= 


directed parallel to X, hence + is scalar. Couple MXZT~, 


a vector directed along Y, &c. 

In deducing the dimensions of electromagnetic quantities 
it will be necessary to start with the dimensions of energy, 
or energy per unit volume. Using Cartesian units of length 
this is MX°T-*, MY°T*, MZ?T-*, or MR?T™?, as the case 
may be; and since we shall have to deal with connected 
equations between the various quantities, the particular form 
to be used becomes of importance. Of course, energy being 
a scalar quantity, the above do not differ essentially: the 
difference arises only from the different ways (the different 
dynamical reactions) by which the expressions are derived. 
It might be more convenient to put X=iL, Y=jL, Z=hL, 
then the dimensions of the energy of the medium become 
MI7T™. There is thus nothing to indicate how or with 
reference to what dynamical reactions the expression is 
derived. In what follows, however, Cartesian expressions 
will still be used though more cumbrous and involving more 
explanation. They may be immediately converted into the 
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above. The energy of the medium will be expressed in terms 
of an instantaneous linear displacement R upon which our 
conceptions of the electromagnetic displacements at a point, 
whatever their nature may be, must ultimately depend. By 
keeping R, at first, separate from X, Y, and Z, the formule 
gain in generality, and by retaining R, X, Y, Z instead of 
their equivalent vector forms rL, ¢L, jL, kL, the dynamical 
connexion between the various quantities is more clearly 
expressed. 

The quantity 7 enters prominently into electromagnetic 
relations, and it becomes necessary at the outset to ne mine 
in what manner it is to be dealt with. This subject has been 
discussed by Mr. Oliver Heaviside (Elec. October 16th and 
30th, 1891), and his conclusions may be briefly summarized 
as follows :— 

If m and g be point sources of induction and displacement 
respectively, the measure of the induction and displacement 
at a distance r from the source (if the fluxes emanate isotro- 


pically) is 
ay isa 7 ee Bee, 
se (oa) p=(;",) 


where B and D are the densities of the fluxes over spherical 
surfaces enclosing the sources. And, similarly, the density 
of any radial flux at a point should be estimated by the total 
flux through a spherical surface having its centre at the 
source and passing through the given point divided by the 
surface. Writing B=yH, and D=kE, where pw and & ex- 
press physical properties of the poeine we have 


B= 1 (Ge a) E ~ Bes) 


Now, H and E express the strengths of the fields produced 
by the fluxes m and q at distances r from the source. Hence 
™ and : express the strengths of the sources. Again, multi- 
plying the above by m and q respectively we get 


1/m Podalae 
mH = =(Z3) qu=; (;5). 
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But mH is the force experienced by a pole m when placed in 
a field of strength H, and similarly for KE. Hence . 


1/ ni’? fers: ee 
F=mH = =(ae) Hyage = k meh 


where F,, and F, are respectively the forces between two 
poles m, or two charges gq, at distances r apart. In other 
words, since in expressing the force between two poles or two 
charges we have to regard each pole or charge as an ‘solated 
point source of displacement, we should regard the one pole 
or charge as producing radially a field of given strength, and, 
then express the force experienced by the other when placed 
in this field. 

If, now, the unit pole and the unit charge be defined re- 
spectively by the relations 


m=r Vink, ue q=r V4rkF,, 
instead of, as usual, 
m=? Vuk’, Y hme VKF,, 


the effect is to redistribute 7 in electromagnetic equations as a 
whole. It is found, however, that all those relations into which 
it is now made to enter depend upon and involve the consider- 
ation of circuital or radial fluxes, and a obviously enters as a 
plane or solid angle in connexion with circles and spheres of 
reference. It has thus a definite physical meaning, and is 
always definitely related to the other quantities in the relation. 
On the other hand, in the case of the relations from which it is 
removed, it previously entered only because of its suppression 
elsewhere, and had no fundamental connexion with the other — 
quantities. 

The relation between the new and the old units thus defined 
are given in the papers above referred to. For the purpose 


of the present paper it is sufficient to notice that the relation 


Arudyd2= & =_ oF Vay 02 
becomes 
udy 02= (32 == a6 Jeyd: : 


p=4am becomes p=m: B=poH+4rI becomes B=,H +I, 


ee ey 
’ 


OF PHYSICAL QUANTITIES TO DIRECTIONS IN SPACE. 377 

so that B and I are identical ; the electrostatic energy of the 
: ED sia : 

medium GS) becomes ED, thus harmonizing with BH. 


Since, in these relations, 7 essentially preserves its primi- 
tive geometrical or trigonometrical meaning, its insertion 
or suppression implies the insertion or suppression of a 
conerete quantity, and not merely a number, so that the 
natural relations between the various quantities are affected. 
For this reason, therefore, the “rational units,” given by 
Mr. Oliver Heaviside, in which z is primarily associated with 
the radial and circuital fluxes of the field, will alone be used 
in what follows. 

The relations made use of in deducing the dimensions of 
electromagnetic quantities are of three kinds. 

I. Relations between quantities of the same kind, either 
purely electrical or purely magnetic.—These are :— 

(a) Electrical. 


1. D=&éE. 

2. C= Ot ee 

3. e=Surface-integral of D. 
Sade; 

A C= aE D. 


5. EH=Line-integral of E. 


Where D=electric displacement ; k=specific inductive capa- 
city ; E=electrical force ; C=electric current ; e=quantity 
of electricity ; C=current density ; H=electromotive force 
or voltage of a closed circuit. 

(>) Magnetic. 


tr B =pH. 
yaaa», 
De Ce = auc. 
3. m =Surface-integral of B. 
_oO 
4.C,= Si DB. 


5. E,,=Line-integral of H. 


B=magnetic induction; p=specific magnetic capacity ; 
H=magnetic force ; m=quantity of magnetism. Mr Oliver 
z 
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Heaviside designates E,, the Gaussage of a closed magnetic 
circuit to correspond with E, the Voltage of the corresponding 
electrical one, C,, and C,, being the magnetic currents. 

iF Rilatous between quantities of differents kinds.—These 
relations are embodied in the two laws of circuitation: 


Ai en ee ee =2. 


or, the Gaussage of a closed magnetic circuit measures the 
total electrical current through it. 


(5) Circuitation E=C,=H= 


e; 


2 im 
ot" 
or, the Voltage of a closed electrical circuit measures the 
total magnetic current through it. 
The corresponding relations as given by Maxwell are 


(a) dy d2= (SY — 2 \aya:, 


u being the component current-density along 2, and £, y the 
components of magnetic force along y and z respectively, the 
whole being referred to an elementary magnetic circuit 
(Qy0z). [The 47 in the expression 47ru is dropped, as 
previously explained. | 
Oy _ , dz \ 
(b) (<3 y 02) ) 
neglecting A and y. - P is the component electrical force 
along z, and b and ¢ the components of magnetic induction 
along y and z respectively. 
III. Dynamical Relations.—These are relations between 
quantities whose product express the energy, or energy per 
unit volume of the medium. 


eH : mM: pC... Energy. 
DE : BH: AC... Energy per unit volume. 
But D=kE, and B=yuH. Hence 
kE? : wH? . . Energy per unit volume. 
By means of these relations we can express in terms of 
M, X, Y, Z, T, and one selected quantity the dimensions of all 


the rest. The only useful cases, however, are those in which 
the selected quantities are either p or k, for these express 


TNT eee ee or a Te 
aN ' 


\ suelo See chs a e 
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physical properties of the medium at a point, and are in- 
dependent of the electromagnetic reactions going on there. 
The dimensions in terms of p are obtained by starting with 
the relation #H?=Energy per unit volume; and similarly 
for the dimensions in terms of &. 

Since the above dimensions have to be deduced by means 
of a connected system of equations, it becomes necessary to 
make a suitable choice of axes of reference. Let X be the 
axis of the electric displacement, and Y that of the magnetic 
displacement at a point in the medium. For an isotropic 
medium (the only case we have at present to consider) these 
are mutually at right angles, and Z is at right angles to both, 
being the intersection of the electric and magnetic equi- 
potential surfaces. Let this relation between the directions 
of the axes of reference and the displacements hold for every 
point of the medium, so that the axes constitute an instanta- 
neous system at every point. In passing therefore from 
point to point in the medium, and for different epochs at the 
same point, the axes and the displacements preserve their 
relative directions, while their absolute direction in space in 
general alters. 


Fig. 5. 


Let AO’ be a closed electric circuit, and BO a correspond- 
ing closed magnetic circuit, both being circles in planes at 
right angles to each other. Taking instantaneous axes as 
above, every element of the circuit AO’ is 02, and of the 
circuit, BO is dy, while an element of the intersection of the 
planes of the circuits is 9z. The length of the circuit AO’ is 
Sd~, and of the circuit BO, 2dy, while the surfaces of the 
circuits are ultimately ¥(9.d<), and &(dydz). We have 
therefore :— 

1. Circuitation H=>(Hoy)=C. 
2. Circuitation E=2(E9z) =E. 
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3. Surface-integral of =D=(Ddydz) =e. 
4. Surface-integral of B= (BO.dz) =m. 
To express these dimensionally, we have to neglect the 


summation =, and substitute for 02, dy, Oz respectively X, 
Y, Z. The relations then become : — 


1. - Deke: 

2.C =e. 

3.¢ =D(YZ) 

4,C¢ =DT. 

§. BE =E(X) =C,=mT'=3(XZ)T". 
6.B =p. 

7. C, =mT'1=B. 

8. m =B(XZ). 

9. CBr. 


—" 
fom) 


. B,=H(Y)=C=eT_,=D(YZ)T—. 

The energy of the medium at any point may be expressed 
by 

Em (a? +y°+2)==(mr'), 
where r is the instantaneous linear displacement upon which 
both the electric and magnetic displacements at that point — 
depend, for the two laws of circuitation express that the 
electric and magnetic displacements at a point in the medium 
are not independent, but originate from the same dynamical 
cause. Expressed dimensionally, this becomes 
M(X?+ Y?+ Z?)T-? or MR°T-, 
and the dimensions of energy per unit volume are 
MR*(XYZ)-'T-. 

Since the axes of reference (X, Y, Z) and the displacement 
R are both instantaneous with respect to any point, the 
direction of R must be definitely related to the axes, the 
relation being dependent upon the dynamical mechanism of the 
field. It will be convenient, however, to express the dimen- 
sions of electromagnetic quantities, first, in terms of M, X, 
Y, Z, T and R; and afterwards to determine the relation 
between the direction of R and the axes. The fact that the 
formule of some of the quantities involve R, while others do 


aes Seis os Vie, ee he 


i tl Sl pl tl ill | 
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not, then simply means that in the former cases the corre- 
sponding quantities depend upon and involve the instanta- 
neous linear displacement specified by R ; while in the other 
cases they are independent of the displacement and express 
only physical properties of the medium. 
I. Electromagnetic System :— 
on = MPT (XYZ)—. 


Hence 
1, H=e *(M'RT (XYZ). 
2. B=pH=,3[ MRT (XYZ) #). 
3. m=p=B(XZ)=p? [MRT (Xtytz#)]. 
4, EB =mT=,)[ MRT ?(X#Y #24) J. 
5. B=E(X~) ='(MtRT-*(xX-4Y 42h]. 
6. A =ET=,'(M*RT 1 (X-#Y ?Z/)]. 
7. 0 =HY=p ?(MRT(X tY?Z4)]. 
8. C =O(YZ) =p 3(MRT (XY #24). 
9.e¢ =OT=p?(MtR(X ?Y?Z 4) 1. 
10. D = CT=e(YZ) =e *{M'R(X +Y#Z4)]. 
From 5 and 10 we have 


MPD se -1lfp7—272 


and substituting &*[Z-°T?] for w all through in the above 
we get for each quantity its electrostatic dimensions, the 
results being identical with those obtained directly as below. 


II. Electrostatic System :— 
kE? = MR?T (XYZ). 


. B= -4(M RT (XYZ) ?]. 

_D=cE = B[MRT (XYZ) “*). 

e =D(YZ)= B[MRT~ (xX #Y4Z#)]. 

CO =eT = P(MiRT-?(xXtyiz#)]. 

.C =C(yZ)7= #MinT (x tY 42-4) J. 
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6. H=C(Y~’) = (MtRT (xX HY #z)]. 
7. BE =E(X)= (MRT (X#Y 42-4). 
8. m=p=ET= k*[MIR(xtY 124). 
9, B=m(XZ) 7 =k “(MI R(X HY IZ). 
10, A =ET =k *(M'*R(XYZ4)]j. 
From 6 and 9 we have 


_B _p-1r7—7") - 
p= BLP] ; 
and by substituting »—!(Z-°T?] all through for & in the 
above, we recover the electromagnetic dimensions previously 
deduced. 
The following are examples of the manner these formule 
work out :— 


1. The velocity of propagation of an electromagnetic dis- 
turbance in the medium is given by 


= ihe =ZT- (dimensionally), 


which is of the dimensions of a velocity along Z, the normal 
to the plane of displacements (XY). 
2. The flux of energy at a point is given by 
W =(EB) ; 
and expressing E and H dimensionally in terms of » ork 
we get 


DN eh ok ti til Nee eek ee 
the bracketed factor being of the dimensions of energy per 
unit volume, and the other a velocity in the direction Z, the 
axis of flux of energy. 
3. The force between two poles m is given by 
Bw \4rr 
where H is the strength of the field produced at the one by 
the other. Expressed dimensionally, this becomes 
ae MR’*T-? 
ed Bee 


1 ale Az ) Z 


~~ A's oo A ee Soe ek 
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which is of the dimensions of the space rate of variation of 
energy along Y, that is, the force along Y, as is evident from 
the equivalent ue expression 


Putting R=rL, and Y=jL, where r and 7 are unit vectors 
in the ethan Rand Y, and L the scalar unit length, we 
nave 


MR*I-?_ M(rL)?T-? ML?T-? MLT-3 
OS OOS or i a ae 
J J J 
=M(jL)T-?=MYT-. 
Thus, the force between two poles is in the direction of 
magnetization. The reason why the force is expressed in 
terms of the energy of the system is that it is a mechanical 
force arising in some way from the mutual reaction between 
matter and the medium. The quantities m and H in terms 
of which the force between the two peles is expressed refer to 
the medium alone, and since nothing is known as to the rela- 
tion between the medium and matter, the relation above 
expresses only the resultant reaction taking place, namely 
that there is a space rate of variation of the energy of the 
system along Y, the direction of the force. The same re- 
marks apply to the cases below. 
4. The force between two charges q is given by 


1 25 
#,= (8) = + (74), 


ay—2 
or dimensionally [Fy] ee , the space rate of variation 


of the energy of the system they constitute along X, the 
set of the force. 

. The force per unit volume between two elements of 
Saiceters carrying currents is given by F,=BC, where C 
is the current-density in the one, and B the induction at this 
one due to the other. Expressed Aotmee this becomes 

Mires cy MATS 
l="xyn -(Cxvz )2 


which is of the dimensions of space rate of variation of energy 
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per unit volume along Z, the direction of the force, for the 
conductors move at right angles to their lines of force which 
are circles about them. 

Whatever be the dimensions of » those of * must be given 
by »—[Z-*T?]. Now, the ratio of the dimensions of the same 
quantity expressed in the two systems is a power of 
pk[Z?T-*]. Hence, all possible dimensional values of mw 
together with the corresponding ones for & will, when sub- 
stituted in the formule, bring the two systems into accord. 
Of these, however, there must be one pair, and only one pair, 
which give rise to dimensions whose interpretations are 
physically real. 

It is, of course, impossible to determine from purely dimen- 
sional considerations what this particular pair must be, for 
this would imply a knowledge of the dynamical nature of 
electromagnetism. It 2s possible, however, to assign to # and 
k& dimensions fulfilling certain assumed conditions. The 
dimensions of the remaining quantities then become unique, 
and we may, by deducing the physical interpretations of the 
formulz, pass on to the quantities they then represent. In 
this way, the formulz in terms of » and k may be utilized as 
means for tracing out in detail the various analogies between 
electromagnetism and dynamics. for every dimensional 
value of » and & we thus obtain a perfectly connected dy- 
namical analogue of electromagnetism, which may or may 
not be rational and intelligible as a whole, and whose relation 
to physical reality depends upon the imposed conditions. 

For the purpose of the present paper, let us impose upon 
the dimensions of « and & the condition that the indices of 
the fundamental units in their formule are not to be higher 
or lower than those found in the formule of ordinary dynamical 
units. This is, of course, a purely arbitrary condition, and 
simply expresses that the dynamical analogues to be traced 
out are restricted to those which are of a simple, natural, and 
intelligible character. All other cases are purposely excluded, 
not, of course, as a matter of necessity, but as a matter of 
convenience, for nothing would be gained by the introduction 
of furmulz whose interpretation would be obscure and un- 
intelligible in our present state of knowledge. Let us there- 
fore proceed to deduce fium dimensional considerations the 
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various analogies between electromagnetism and dynamics, 
subject to the arbitrary condition imposed above. 
In the case of ordinary dynamical units we notice that 


1. No fractional powers of the fundamental units occur. 
2. The indices of M are never higher than +1. 
3. ” 29 X, 2 Z 3 9 9 ae 
4, ) 9 T 99 ” 3 ae 3. 


This, therefore, is the range within which ~ must be found 
subject to the above conditions. 

LOFf course, if the fundamental units be not L, M, T, but 
some of the now derived units, then fractional powers may 
occur. Thus, if V (volume) be a fundamental unit, the 
dimensions of length are V3, and of area Vi, &c. So long, 
however, as L, M,T, are fundamental units, we cannot ex- 
pect fractional powers to occur. For length, or space of one 
dimension, is the simplest conception of space which we can 
form, while time and mass (not necessarily that of matter, 
but tangibleness in general) are fundamental conceptions 
beyond which we cannot go. Now, all dynamical concep- 
tions are built up ultimately in terms of these three ideas, 
mass, length, and time, and since the process is synthetical, 
building up the complex from the simple, it becomes ex- 
pressed in conformity with the conventions of Algebra by 
entegral powers of L,M,T. The analytical process, that is, 
splitting up a complex conception into its ultimate consti- 
tuents (evolution in Algebra), becomes expressed according to 
the same conventions by fractional powers, e.g. L=(V)}, 
[Area ] =(V)*, &. But, obviously, if mass, length, and time 
are to be ultimate physical conceptions, we cannot give 
interpretations to fractional powers of L, M, and T, because 
we cannot analyse the corresponding ideas to anything 
simpler. We should thus be unable, according to any physical 
theory, to give interpretations to formule involving frac- 
tional powers of the fundamental units. Qur only hope in 
such cases would be that the units themselves might cease to 
be fundamental. On the other hand, the building up of a 
derived from fundamental units is always a simple process, 
nothing but whole umits of the latter kind being involved. 
We should thus expect, both from the algebraical meanings of 
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integral and fractional powers, and from the manner physical 
units are derived, to find the dimensional formule of physical 
quantities free from fractional powers. That the formule of 
all dynamical quantities, that is all the absolute formule we 
are acquainted with, are of this kind, isan argument in favour 
of this view. 

A vector length has two properties, direction and mag- 
nitude. When squared, a vector length becomes scalar. 
A vector enters into physical relations either as a vector 
(having direction and magnitude) or as a scalar (having 
magnitude only). Hence we may say that the first and 
second powers of a vector, X and X? (say), represent the 
two different ways in which it enters all physical relations. 
For all other integral powers differ from these only in scalar 
magnitude. If the dimensional formule are to express dif- 
ferent natural relations between quantities, then, so far as the 
unit length is concerned (the representative of space), all these 
relations are involved in X and X?, X being a vector. If this be 
true, then the fact that the indices of vector lengths, in the 
formule of dynamical quantities, are never higher than +2 
becomes explained. Ina similar manner, we may explain the 
fact that the indices of M are always +1, for here no new idea 
is introduced by M? as in the case of vectors: it differs from M 
only in scalar magnitude, and still conveys the same physical 
idea, namely imertia. It is widely different in the case of 
time, for every new negative power of T introduces a new 
physical idea with respect to time—that is, it introduces the 
conception of a new time-flucx. 

It is not necessary, however, to postulate anything as to 
these matters. It is sufficient for our present purpose to 
know what the limits of the indices of the fundamental units 
are in the case of known dynamical quantities, without 
having to account for the same. The above are only sug- 
gestions. | 

Let the dimensions of « be 


[aj=al? BOT (Xs Ye Z*), 
then those of & are 


[ k) =a M7 Rk pvr x= VF } Aped 
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Since the indices of M, X, Y, Zin the dimensional formule are 
odd multiples of 4, their indices in the dimensions of f must 
be odd, otherwise, on substituting for w and & in these formule 
their dimensional values, the formuls would not be rational- 
ized. For a similar reason, the indices of R and T must 
be even. Hence, the indices of M, X, Y, Z must be +1, 
and of R, 0, or +2. In the case of Z, +1 is not admis- 
sible, otherwise we should have Z~ in the case of &. Thus, 
Z must enter both ~ and kas Z~'. In the case of T the 
possible values are 0, +2, +4,....+2n. These values 
may be tabulated thus :-— 


[w] [*] 


(a) 6) a’) (0 
0 é: +2 < 
+2 —2 0 +4 
+4 —4 als +6 
+6 —6 —4 +8 
+2n —2n —2(n—1) +2(n+1) 


Under a are given the positive possible values for ¢ in 4, under 
a’ the corresponding values in the case of k. Under 5, the 
negative values in the case of uw, and under 0’ those correspond. 
ing in the case ofk. The only cases necessary to be considered 
are T° and T”, for, as seen from the table, all other possible 
values of T lead to dimensional formule involving powers of 
T higher than +4. 

The dimensions of yu and k involve only X, Y, Z, Mand T, 
This is of course obvious if R has to coiricide ultimately with 
X, Y,or Z. If R is not ultimately to coincide with X, Y, or 
Z, it cannot enter into the formule of wand k. For R can 
enter into the formula of » only as R? or R~*. In the former 
case, uw? contains R, and ww contains R. But pw? is a 
factor of the formule of m, B,E, EH, and ~~ of e, D, C,C, H; 
and since R is a factor of the formule of all the above quan- 
tities, we should have :— 

i. m, B, E, H, containing R in their dimensional formule, 

ii. e, D, H, ©, C, containing R°: 
thus indicating thal some of the forces and fluxes of the field 
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would be dependent upon R, the others independent of it. 
But this is obviously impossible, since R is the instantaneous 
linear displacement at a point in the field upon which depend 
all the electromagnetic forces and fluxes at that point. Ina 
similar way, if w involves R~*, m, B, E; E would be indepen- 
dent of R, and e, D, H, C,C dependent upon it, leading to 
the same conclusion as before. Thus, » and k must be quan- 
tities independent of the electromagnetic reactions (specified 
by R) which may be going on in the field, as is otherwise 
evident since « and & express physical properties of the 
medium. We have therefore to consider the different ways 
the dimensions of yw (say) can be built up from M, X, Y, Z, 
and T, subject to the conditions already laid down. 

The possible dimensional values for ~ are to be obtained 
from M*' X*! Y+! Z~' T° *? by forming all the possible com- 
binations of the quantities taken all together. The possible 
cases are :— 


| Get ERE omy aa) ae IL (1.x so 
2. MXYZ~. 2. MXYZrI. 
3 MY¥7Z-*. 3 MXYOZ 4 
4 Mx yes". 4. MX 

Th 1. MO xt IVE Oe 

7, MSA. 2 MORYS 
BAX Yes, 8. MOXY re 
Ae eyZ 4. XYZ 


There are thus sixteen cases, and since for each value of 
we have up to the present supposed that R may ultimately 
coincide with X, Y, or Z, or with neither, the different sys- 
tems which may be deduced from the above are sixty-four 
innumber. There are other conditions, however, which enable 
us to reduce this number. 

The quantities m, H, C, ande are scalar, und B, E, C, D 
vectors. Hence, the dimensional values of « must be such 
that when substituted in the dimensional formule, the scalar 
quantities remain scalars, and the vector quantities vectors 
properly directed with respect to the dimensional axes. Since 
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all quantities are scalar so far as M and T are concerned, it 
is only necessary to examine how the scalar and vector 
character of the quantities depend upon X, Y,Z. To do 
this, we may take the relation [m]= “(MRT (xty-4z4)], 
and substitute for «4 successively the four factors (KV Za, 
NZ SCR ey. rat Ze). S=The conclasionssdé- 
duced for m must obviously hold for the other quantities. 


Thus :— 
1. Let ut contain X-#Y-#Z-*, Then [m] contains 
(X ty 47+) R (xty-#z4) —RY-, 
This becomes scalar only when R coincides with Y, 
2. Let »* contain X?Y#Z—, Then [m] contains 
(XfY#Z4) R (X?Y-#Z#) — RX. 
This becomes scalar only when R coincides with X. 
3. Let u* contain X?Y-#Z-#. Then [m] contains 
(X#Y #74) R (X?Y-#Z#) =Rx Y, 
This becomes scalar when R coincides with Z. 
4. Let p* contain X#Y'Z—, Then [m] contains 
(X#Y¥'Z-4) R (X?Y #Z4) =R, 
This cannot become scalar. 

Thus, in order to render the scalar quantities scalar, R 
must ultimately coincide with X, Y,or Z. There are thus 
three cases to be considered :— 

1. When R coincides with Y, » contains (XYZ). 
) < Bae Ny = (XYZ). 
3.5, ” Sh cea i ill OS Geer Liss Bs 


But, according to the electromagnetic theory of light, R cannot 


coincide with Z, for XY is the wave-front of an instan- 


taneous plane-polarized disturbance at a point in the medium— 
the disturbance ultimately originating in the displacement R, 
and since the medium is isotropic, the linear displacement 
specified by R can have no components along Z. We are 
thus restricted to the two cases where R coincides with Y, 
and the dimensions of « involve (XYZ)~", or where R coin- 
cides with X, and the dimensions of w involve XYZ~'. In 
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the former case, the instantaneous linear displacement R of 
the medium at any point is in the plane of polarization (the 
plane of magnetic displacement), magnetic energy is kinetic, 
and electrical energy potential. In the latter case, the dis- 
placement R is at right angles to the plane of polarization, 
magnetic energy is potential, and electrical energy kinetic. 
Physicists are not yet agreed as to the interpretation of 
Weiner’s results, so that no arguments as to the direction of the 
instantaneous displacement of the medium at a point can be 
based upon his experiments. We have, therefore, to suppose, 
that R may lie along either Y or X, and the possible systems 
become reduced to eight, as below :— 


1. M(XYZ)™. IMT RY ode 

3. M(XYZ""). 42M 3 Yee 
5. M(XYZ)—"T 6. M~ XYZ". 

7. M(XYZ~)T*. 8 MO KS yes 


If the dimensions of yu be (1) those of & are (2), and if those 
of kare (1), the dimensions of mw are (2), and similarly for 
the other three pairs. 

The dimensional formule 5 and 7 are unintelligible, for we 
have no dynamical units involving positive powers of both 
M and T, and it is difficult to give to such formule an un- 
telligible interpretation. The same difficulty appears in 6 
and 8, for if one of these be the dimensional formula for p, 
the corresponding one for k is 5 or 7. Apart, however, from 
this difficulty, these formule 5, 6, 7, and 8 lead to fluid 
theories of electromagnetism, Thus, from.5, we get for the 
dimensions of m:— 


[m] = (MRT (Xty 47)] = Mi(x-ty-47-) Rxty-tz}) 
M'T *Tt=MRY-'=M (since R here must coincide with Y). 


Similarly, from 7 we have [m]=MX?. Again, from 6 we get 
[e]=M, and from 8, [e]=MY?. Thus, we have to suppose 
m to be a quantity of the nature of mass or moment of inertia, 
and similarly for e. In both cases, mand e would be pro- 
perties of the medium depending upon its inertia, instead of 
being parts of the electromagnetic reactions going on in the 
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medium,—an electrical current would thus be a quantity of 
the nature of momentum, which is inconsistent with Maxwell’s 
theory of electromagnetism. Other and not less serious 
difficulties will be met with if an attempt is made to develop 
their interpretations more fully. 

Similar remarks apply to the systems arising from 3 and 4. 
Thus, from 3 we have 


[eJ=e4(MR(XtYIZ4)] 
=M?x ty ‘7ivtrx-tyiz#— Rx =1, 


since R here coincides with X. Thus, e is of the di- 
mensions of a volume-strain, the ratio of two identical 
concretes. Similarly, we get from 4, [m]=1, also a volume- 
strain. Again, in the former case we have D=e(YZ) 
=volume-strain per unit area. The two currents C and C 
become volume-strain per unit time (T~', or YZ"). 
Electrical foree E becomes MXT~’, and voltage E 
=MX°T” (energy). Since m=ET, m becomes MX?T", 
and magnetic moment ml = MX?YT. Again, B 
magnetic induction becomes m(XZ)~' = MXZ’T™’; and 
H magnetic force (Y'T~’). Again, in the second case, we 
have B=m(XZ)~'=volume-strain per unit area; HE=MT™ 
=T~'=volume-strain per unit time; e=MY°T"'; C= 
MYT? (energy) and C (current density) =MY2(YZ) ‘T”. 
These formulz, although it may be possible to give them in- 
terpretations, are at present unintelligible, and do not suggest 
any connected relation between the various quantities. 

The cause of the unintelligible character of these latter 
formule lies in the fact that the formula MX YZ“ is not sym- 
metrical with respect to the dimensional axes X, Y, Z. Since 
the above formula is independent of T, the corresponding 
quantity must be of the dimensions of some property of the 
medium depending ultimately upon the ¢nertia of the medium 
alone. It is difficult, however, to conceive what property 
depending upon the inertia of the medium can involve the 
three dimensional axes unsymmetrically except the rotational 
inertia, or moment of inertia of a unit volume. The above 


formula, however, does not admit of such an interpretation. 


Thus, whether MXYZ™ be the dimensional formula of or &, 
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the results are either incapable of interpretation (as, for ex- 
ample, » and k), or the interpretations are unintelligible. 
Thus there are left only cases 1 and 2. If the dimensions 
of w be those of 1, that is M(XYZ)", « becomes the inertia 
of unit volume, or the density of the medium, and magnetic 
energy is kinetic. If the dimensions of » be 2, those of k 
are 1,and & becomes the density of the medium, and electrical 
energy is kinetic. There are thus two cases to be discussed. 


I. Magnetic Energy Kinetic.—p the density of the medium. 


1. Magnetic foree=H= pw (MRT (XYZ) *)=RT'= 
YT™, since R must now coincide with Y. This is the linear 
velocity directed along Y the magnetic axis. 

2. Magnetic induction=B=Intensity of magnetization, 


I=yH =(xy7)t = Linear momentum per unit volume. 
3. Magnetic moment=ml= I (XYZ) =MYT™ = Linear 


momentum. 

4, Current strength=C=HY=Y°T™. 

5. Current density =C=C (YZ)"'=YZ"'T™ = Angular 
velocity. The velocity is instantaneously directed along Y, 
the magnetic axis, and the axis of rotation is X, the axis of 
the electrical displacement. If the angular velocity be that 
of a vortex filament coinciding with the current, the strength 
of the current, C, becomes the strength of the vortex—product 
of angular velocity into cross-section of filament. 

6. Electric displacement=D=CT= YZ" '=an angular dis- 
placement. [According to the elastic solid theory, D would 
be of the dimensions of a shear, the planes XY being displaced 
parallel to each other in the direction Y.] 

7. Electrical foree=E. Since [ED] =MY(XZ)"'T”’, and 
[D]=YZ", E=MX™'T. Taking D as an angular dis- 
placement, E must be of the dimensions of a torque, for ED 
is of the dimensions of work done per unit volume. [Let a 
cylinder rotate in a resisting medium. The resistance to the 
rotation is a tangential force per unit surface of the cylinder, 
directed everywhere parallel to the motion. If the axis of 
the cylinder be X (the electrical axis), and the radius Z, an 
element of its surface is of the dimensions YZ. Hence, the 
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resisting stress is of the dimensions MX~'T-*=[E]. Thus E 
is a tangential force per unit area. Now E has a moment 
round X. Hence we have 


MYZT-? 
[BE] =| xyz ) 


indicating that the resisting stress over an element of surface 
is inversely as the distance of the element from the axis of 
rotation, and its moment directly as that distance. ] 


TIM —2 
8, Voltage —Writing [E] = eo we get 
ON ae 
[E] =(—y7—). 


Now E, the line integral of E, is the source of the disturbance 
in a closed electrical circuit. Hence, taking the above 
mechanical illustration, E becomes the terminal torque re- 
quired to maintain the motion of the cylinder against the 
resistance. “The terminal torque corresponds to the im- 
pressed voltage. It should be so distributed over the end B” 
(in this case a rotating tube) “that the applied force there is 
a circular tangential traction varying inversely as the dis- 
tance from the axis” (Mr. Oliver Heaviside, Elec. Jan. 23, 
1891). In the above case, an element of the tangent at a 
“point is Y, and of the radius Z. 


meee MY Zag 
9. Vector potential = A= ET = MX~'T = =7- 
= angular momentum per unit volume. 
10. Specific resistance. 
Ree Mia TS 
p= ri = YT" =MZ(XY)“T 


= coefficient of viscosity = tangential force per unit area + 
shear per unit time. 

11. Self-induction.—Let a linear conductor carry a current 
C. Its self-induction is given by L =t, or dimensionally 


MY~. If L be defined as the self-induction of the conductor 
for a current of unit density, 


Im—1\— — MZ 
7 = F=MT"(Y2"T ‘Tt =MZY" = -y7 
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= moment of inertia per unit area ; OF = (7 Var = moment 
ae elect & : YZ 


of inertia of a disk of unit mass per unit area. 

12. Specific inductive capacity = & =[MZ(XY)—-T-*]=". 
On the elastic solid theory k—! would be defined as the rigidity 
ofthe medium. But &-!=RT-', where Ris specific resistance. 
Thus the interpretations of & and R go together. If R (as 
above) be a coefficient of viscosity, k~1 becomes “a quast 
rigidity” of the medium “arising from elastic resistance to ab- 
solute rotation.” (Mr. Oliver Heaviside, Elec. Jan. 23,1891.) 

13. Electrical charge = g = D(YZ) = Y*= (Product of 
angular displacement into area). 

14. Magnetic pole = m = = = Magnetic moment per 
unit length = Linear momentum per unit length. 

The connexion between Vortex Motion and Hlectromag- 
netism is shown in Basset’s ‘ Hydrodynamics,’ from which 
the following are extracted (vol. i. chap. iv.) :— 

1. Vortex filament = Electrical current. 

2. Velocity of liquid (linear velocity, components u, v, w) 
= Magnetic force (components «, 8, ¥). 

3. Molecular rotation (angular velocity, components &, m, $) 
= Current density (components u, v, w). 

4, Velocity potential due to vortex (¢) = Magnetic po- 
tential of current (Q). 

5. Doublet sheet = Magnetic shell. 

6. Circulation (£) = Work done in moving a magnetic pole 
once round current. 

7. Flux through vortex = Potential energy of magnetic 
shell. 

8. The action of a vortex filament upon the surrounding 
liquid is determined by the quantities L, M,N. These cor- 
respond to the components F, G, H of electromagnetic 
momentum (A). 

Thus, when y is of the dimensions of density and magnetic 
energy kinetic, the interpretations of the dimensional formule 
of electromagnetic quantities are identical with those of the 
corresponding quantities in the case of vortex motion. 

In the Phil. Mag. vol. xxxi. p. 149, Prof. J. J. Thomson 
develops a method of representing electromagnetic effects by 


he Be th ee ha) he eae ae, eal 


Re ee Re aN Te Ty 


OF PHYSICAL QUANTITIES TO DIRECTIONS IN SPACE. 395 


means of tubes of electrostatic induction distributed throu ghout 
the field. The axes of these tubes coincide with the axes of 
electric displacement, and the tubes terminate normally upon 
the surfaces of charged bodies. By means of these tubes it is 
possible to picture the changes going on when electricity 
passes through electrolytes and conductors, and when changes 
are produced in the electromagnetic field. If, now, we suppose 
these tubes of electrostatic induction to be vortex filaments, 
this method of representing electromagnetic phenomena 
becomes identical with that indicated by the interpretations 
above given to the dimensional formule. 

The two rotational theories of electromagnetism which have 
been hitherto put forward are discussed by Mr. Oliver Heavi- 
side (Hlec. Jan. 23, 1891). The first of these is that already 
deduced above from dimensional considerations, by supposing 
# to be of the dimensions of density. Here the axis of ro- 
tation at any point is the axis of the electric displacement ; 
the angular velocity is the current-density ; the velocity is 
magnetic force ; the torque called into play when the angular 
velocity of a vortex changes is the electric force ; the terminal 
torque, the source of the disturbance, is the voltage; the 
relative angular displacements of the vortices when their 
velocities change is the electric displacement ; the linear 
momentum of the irrotationally moving liquid is magnetic in- 
duction or intensity of magnetization ; the angular momentum 
is the vector potential ; the strength of a vortex is the strength 
of the current ; specific resistance is a quantity of the nature 
of viscosity, and k—! of the nature of rigidity. 

In the other system things are inverted. Here & is the 
density of the medium, electrical energy is kinetic, and the axes 
of the vortices coincide with the directions of the magnetic dis- - 
placements. The interpretations of the formulz of the various 
quantities are as below. 

Il. Electrical Energy Kinetic.—k the density of the 
medium. 

1. E=k*(M'RT-'(X7Y 724) . 

=M-(XYZ)'MtRT-(X HY 172-4) =RT = XT 
(since R here must coincide with X). 
Thus, E is the velocity of the medium. 
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2. E=EX=X?T™. Magnetic current. (See below, its 
interpretation depends upon that of m and B.) 

3.' m= ET=X?. 

4, B=m(XZ)~'=XZ"'= an angular displacement. Thus, 
m = product of angular displacement into cross section. 

5. Cn=BT'*XZ'T = Angular velocity. Thus, E the 
strength of the magnetic current corresponds to the strength of 
a vortex, C,, being the density of the magnetic current. 

6. e=MT™. This corresponds to magnetic pole in the 
previous case. 

—1 
7. D=e(¥Z)=M(YZ)7'T = ones 


= Linear momen- 


tum per unit volume. 
3 1 [Mee 

8. C=DT =( XYZ 

9, C=MT~. This corresponds to voltage in the previous 
case, 

10. H=C(Y"')=MY~"T. Tangential force per unit 
area, a quantity of the nature of a torque, corresponding to E 
in the former case. 

It is thus seen that this system is simply the inverse of the 
other, and it is unnecessary, therefore, to go into more detail. 

To summarize, therefore, we may say that, of the eight 
possible systems previously mentioned, only two give rise to 
dimensions whose interpretations are intelligible, natural, and 
connected as a whole; and these interpretations accord with 
the two rotational theories of electromagnetism which have 
been hitherto put forward. Of the other six, it was shown 
that four necessitated, in some form or other, fluid theories of 
electricity or magnetism, and that the interpretation of the 
formule of « and & and other quantities are difficult. These 
remarks also apply to the other two cases, in which electri- 
fication and magnetization became respectively volume-strains. 
All other cases were disposed of by excluding :— 

(1) All values of « leading to dimensions involving higher 
or lower (fractional) powers of the fundamental units than 
those encountered in the case of ordinary dynamical quantities. 

(2) All values which while satisfying (1) rendered scalar 
magnitudes vectors, or vectors scalar. 


)= Force per unit volume. 
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(8) All values which while satisfying (2) rendered ‘the 
direction of the instantaneous linear displacement at a point 
In an isotropic medium parallel to Z, and therefore normal to 
the plane of displacement (XY). 

In the foregoing discussion I have attempted to generalize 
the ordinary dimensional expressions for physical quantities, 
and to carry somewhat further than he did the suggestion 
of Prof. S. P. Thompson that the idea of direction may be 
associated with the symbols as well as that of numerical 
magnitude. This is clearly possible—as the examples given 
show—in the case of ordinary dynamical quantities, and the 
method certainly enables us to distinguish between things 
which are physically different, though (if the ordinary system 
in which the idea of direction is suppressed be used) the 
dimensions are the same. The dimensional formula thus 
becomes for a physical quantity the analogue of a structural 
formula for a chemical compound. 

Applying these ideas to the more difficult case of electrical 
and magnetic quantities, with the actual nature of which we 
are imperfectly acquainted, I have tried to use the method as 
an instrument for discriminating between probable and im- 
probable hypotheses. It is at all events interesting to note 
that we are thus led to two possible dimensional systems which 
agree with the two principal groups of analogies by which 
electrical and magnetic facts have been illustrated by those 
who have most deeply studied these from the dynamical point 
of view. Between these two I do not attempt to decide ; but 
I cannot but hope that the methods I have suggested may 
make the study of dimensional formule not merely a con- 
venient method of expressing numerical relations between 
fundamental and derived units, but a means of seeing more 
deeply into the physical facts they represent. 


Notsz.—I regret that when I communicated the above 
paper to the Physical Society I was unaware of an important 
article by Prof. A. Lodge on “The Multiplication and Divi- 
sion of Concrete Quantities” (‘ Nature, July 19, 1888). 
In this article Prof. Lodge discusses the general question of 
the products and quotients of concrete quantities, and of the 
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meaning of physical relations between concretes of different 

kinds. He clearly points out that the dimensions of quan- 
tities do not always afford a test of their identity, and that in 

particular concretes of the order of angles and angular dis- 

placements are treated as pure numbers. The present paper 

may be regarded as an attempt to remove such difficulties by 

taking as fundamental in our theory of dimensions the vector | 
instead of the cartesian unit length. By expressing the for- 

mul according to the conventions of vector algebra, we thus 

assign dimensions (in the extended meaning of the term) to 

all quantities which are physically recognized as conerete, the 

only quantities having unity as their dimensional formula 

being pure numbers and quantities of the nature of tensors, 

that is, ratios between similar and similarly directed concretes. 

Since, as pointed out by Prof. Lodge, the cause of the above 

difficulties lies in the neglect of the directional relations of 
quantities, these modified formule approximate more closely 

to what they are sometimes, and conveniently taken to be, 

namely conventional expressions of the kinds of different 
physical quantities. 
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PROCEEDINGS 
AT THE 
MEETINGS OF THE PHYSICAL SOCIETY 
OF LONDON. 


SESSION 1890-91. 


February 7th, 1890. 
Prof. A. W. Retnorp, Past President, in the Chair. 
The following were clected Mombers of the Socicty :— 
Mr. E. W. Smrrn and Mr. OC. E. Horranp, B.A. 


The following communication was completed :— 


“On Galvanometers.” By Prof. W. E. Ayrton, F.R.S., Mr. T. 
Martner, and Dr. W. E. Sumpner. 


February 21st, 1890. 
Prof. G. Carry Foster, Past President, in the Chair. 
Mr. S. EversHep was elected a Member of the Socicty. 


The following communications were made :— 
“ On a Carbon Deposit in a Blake Telephone Transmitter.” By 


Mr. F. B. Hawes. 


2 PROCEEDINGS OF THE PHYSICAL SOCIETY. 


“The Geometrical Construction of Direct-reading Scales for 
Reflecting Galvanometers.” By Mr. A. P. Trorrer. 

“A Parallel Motion suitable for Recording Instruments.” By 
Mr, A. P. Trorrer. 


March 7th, 1890. 
Prof, W. E. Ayrton, President, in the Chair. 


The following were elected Members of the Society :— 


Sir H. Mance, Mr. L. R. Saorrer, Mr. C. Toompson, and 
Mr. A. D. Watter. 


The following communications were made :— 

“On Bertrand’s Refractometer.”” By Prof. S. P. Taompson. 

“An Apparatus for Distilling Mercury in a Vacuum.” By Prof. 
Dunstan and Mr. Dymonp. 

“The Theory of Osmotic Pressure and its bearing on the Nature 
of Solution.” By Mr. S. U. Pickerine, M.A. 


March 21st, 1890. 
Prof. W. E. Ayrton, President, in the Chair, 
Mr. A. E. Cxrtps was elected a Member of the Society. 


The following communications were made :— 

“The Villari Critical Point in Nickel.” By Mr. Herpert 
Tomutnson, F.R.S. 

“On Bertrand’s Idiocyclophanous Prism.” By Prof. 8. P. 
THomPson. 

‘On the Shape of Moveable Coils used in Electrical Measuring 
Instruments.” By Mr. T. Marurr, 
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April 18th, 1890. 
Prof. W. E. AYRTON, President, in the Chair. 
Mr. W. B. Crorr was elected a Member of the Society. 


The following communications were made :—- 


“On same recent Magnetic Work.” By Prof. Ricxrr, F.R.S. 
‘‘A Theory of Permanent Magnetism.” By M. M. F. Osmonp. 


May 2nd, 1890. 
Prof. W. E. Ayrton, President, in the Chair. 


The following communications were made :— 

‘“« The Distribution of Flow in a Strained Elastic Solid.” By Prof. 
C. A. Carus-Witson. 

“On Photographs of Rapidly Moving Objects.” By Prof. C. V. 
Boys, F.R.S. 

“On the Oscillating Electric Spark.” By Prof. C. V. Boys, 
F.R.S. 


May 16th, 1890. 
Prof. W. E. Ayrton, President, in the Chair. 
Professor W. Coreman was elected a Member of the Society. 
The following communications were made :— 
“On Huyghens’ Gearing in Illustration of Electric Induction.” 
By Lord Raytrien. 


«On Dr. Kénig’s Rescarches on the Physical Basis of Music.” 
By Prof. 8S. P. Tompson. 


June 6th, 1890. 
Prof. W. E. Ayrton, President, in the Chair. 
The following communications were made :— 
“The Effect of Change of Temperature on the Villari Critical 


Point of Iron.” By Mr. H. Tomutrnson, F.R.S. 
‘On the Diurnal Variation of the Magnet at Kew.” By Mr. W. 


_ G. Rosson and Mr. S. W, J. Sacra. 
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June 20th, 1890. 
Prof. W. E. Ayrton, President, in the Chair. 


The following communications were made :— 

“On the Stretching of Liquids.” By Professor A. W. Wortu- 
INGTON. 

“‘On the Measurement of Electromagnetic Radiation.” By Mr. C. 
V. Boys, Mr. A. E. Briscor, and Mr. W. Warson. 

** Notes on Secondary Batteries.” By Dr. Grapsrone, F.R.S., 


and Mr. Hisnerr. 
** An easy Rule for Calculating approximately the Self-Induction 
of a Coil.” By Prof. J. Perry, F.R.S. 


November 14th, 1890. 
Prof. W. E. Ayrton, President, in the Chair. 
The following communications were made :— 


“On certain Relations existing among the Refractive Indices of 
the Chemical Elements.” By the Rev. T. Penuam Dave, M.A. 

“On Tables of Spherical Harmonics, with Examples of their 
Practical Use.” By Prof. J. Perry, F.R.S. 


November 28th, 1890. 
Prof. W. E. Arron, President, in the Chair. 
The following communications were made :— 


“ Additional Notes on Secondary Batteries.” By Dr. Guapsrone, 
F.R.S., and Mr. Hisprrr. : 
“An Ilustration of Ewing’s Theory of Magnetism.” By Prof. 
S. P. Taomrson, 
“The Solution of a Geometrical Problem in Magnetism.” By 
Mr. 'T. H. Braxestey, M.A. 
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December 12th, 1890. 
Prof. W. E. Ayrton, President, in the Chair. 


The following communications were made :— 


“Some Experiments with Selenium Cells.” By Mr. Saptroxp 
Bivwe tt, F.R.S. 


“ On Alternate Current Condensers.” By Mr. Jamzs Swinburne. 


January 16th, 1891. 
Prof. W. E. Ayrron, President, in the Chair. 


The following communications were made :— 


“On Photo-Electricity.” By Prof. G. M. Mincmin, M.A. 
“A Lecture-Room Apparatus for determining the Acceleration 
due to Gravity.” By Prof. F. R. Barrett, B.A. 


Annual General Meeting. 


February 13th, 1891. 
Prof. A. W. Rernotp, Past President, in the Chair. 


The following Report of the Council was read by the Chairman : — 


The Council have this year, as heretofore, to report a steady 
inerease in the number of Members. of the Society, which now 
reaches 365. 

It is hoped that a perseverance in the present day and hour of 
Mecting, viz. Alternate Fridays, at 5 p.M., will ultimately result in 
a larger attendance at the ordinary Meetings. Since the last 
Annual General Meeting there have been 13 ordinary Mcetings, the 
average attendance being 45. On one occasion, the 16th of May, 
when Prof. 8. P. Thompson and M. Kénig displayed to the Society 
the very beautiful Acoustic apparatus which the latter gentleman 
has carried to extreme perfection, the meeting was a thoroughly 
crowded one. 
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The translation of Van der Waals’s memoir on the Continuity of 
the Liquid and Gaseous States of Matter, by Prof. Threlfall, 
Member of the Society, and Mr. J. F. Adair, hes been completed. 
and issued to Members of the Society. 

Volta’s Works.—The Council hope to issue the translation of 
Volta’s works before the next Annual Meeting. 

The loss of Members by death ‘has been, the Council is glad to 
say, very small this year—Prof. Lant Carpenter being the only 
Member of the Society whose name occurs in the Obituary notice 
of the ‘ Times’ at the end of 1890. 

No loss has occurred in the ranks of the Honorary Members of 
the Society. 


The following additions have been made to the Library :— 
Newspapers and Magazines :— 
Nature. 
The Electrical Review. 
Engineering. 
The Electrician. 
The Electrical Engineer. 
Electrical Plant. 
The Open Court. 
Crénica Cientifica. 
Ingeniero y Ferretero Espaiiol y Sud Americano, 
The Philosophical Magazine. 
Beiblatter der Physik. 
Annalen der Physik. 
Journal de Physique. 
Journals of Societies, British :— 
Proceedings of the Royal Society. 
Journal of the Society of Arts. 
Journal of the Institute of Electrical Engineers. 
Proceedings of the Institute of Mechanical Engineers. 
Quarterly Journal of the Royal Meteorological Society. 
Proceedings and Transactions of the Royal Dublin Society. 
Transactions of the Middlesex Natural History and Scienco 
Society. 
Proceedings of the Philosophical Society of Glasgow. 
Proceedings of the Philosophical Society of Cambridge. 
Transactions of the Philosophical Society of Cambridge. 
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Memoirs of the Manchester Literary and Philosophical Society. 
Proceedings of the Royal Institution. 

Transactions of the Geological Society of Glasgow. 
Proceedings of the Birmingham Philosophical Society. 


Journals of Societies, Colonial :— 


Journal and Proceedings of the Royal Society of New South 
Wales. 

Proceedings of the Canadian Institute. 

Transactions of the New Zealand Institute. 

Magnetic and Meteorological Observations, Bombay. 

Proceedings and Transactions of the Nova Scotian Institute of 
Natural Science. 


Journals of Societies, Foreign :— 


Proceedings of the Academy of Natural Sciences, Philadelphia. 
Journal of the Physical and Chemical Socicty of Russia. 
Proceedings of the Physical Socicty of Berlin. 

Proceedings of the Physical Society of France. 

Journal of the College of Science of Japan. 

Transactions of the Seismological Society of Japan. 


Books, ge. :— 


Presented by the Astronomical Society : 


Cavallo’s Elements. 4 vols. 1803. 
Electricity. Adams. 1784. 
Electricity. Watson. 1746. 
Electricity. Bennet. 1789. 
Electricity. Ferguson. 1770. And a duplicate. 
Electro-Chemistry. Singer. 1814. 
Electricity. Priestly. 1778 & 1767. 
’ Electricity. Cavallo. 2 vols. 1799. 
Magnetism, Cavallo. 1795. 
Galvanism. Wilkinson. 2 vols. 1804. 
Electricity. B. Franklin. 1760, 1769. 
Air-pump and Barometer. Brook. 1789. 
Galvanism. Aldini. 1803. 
Works of B. Franklin. 3 vols. 
Natural Philosophy. Muschenbroek. 2 vols. 1744. 
Magneto-Electric Light. Holmes. 
Philosophical papers. B. Franklin. 1787. 
Electricity. Viscount Mahon. 1779. 
Magnetism and the Magnetic Needle. Lorimer, 1795. 
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Annual Report of Geological and Natural History Survey of 
Canada. 

Report of the Ohio Meteorological Bureau. 

On the Condensation of the Vapour of Water. 

Catalogue of Books, Radcliffe Library. 

Greenwich Magnetic and Meteorological Observations. 

Greenwich Spectroscopic and Photographic Results. 

Norwegian North-Sea Expedition. Actinida. 

Dioptric Formule of Cylindrical Lenses. A Metric System of 
measuring and numbering Prisms and Lenses. Both by 
C. F. Prentice. New York. 

Smithsonian Report, 1886 & 1887.. 

Annual Report of the Michigan Board of Agriculture. 

A thick Octavo in Russian. 

Decimal Coinage, Weights, and Measures. 

On the Mathematical Theory of Light, by de Colnat d’Huart. 

List of Canadian Hepatice. 

Catalogue of Canadian Plants. Acrogens. 

Scientific Papers of Clerk Maxwell. 2 vols. 

Report of the Physical and Chemical Society of Russia on the 
Total Eclipse of the Sun of 1887. 

Laplace’s Works. Vol. 8. 

On the Kerr Magnetic Effect, by Dr. R. Sissingh. 

Abridgments of Specifications of Patent Office. 5 vols. By 
W. H Walenn. 


W. H. Swett, editor of the ‘ Electrician’ newspaper, was born in 
the year 1858, and, dying on the 5th of March 1890, had but 
reached the early age of 31 when his friends were called upon to 
deplore his untimely end. Though he had been but a short time in 
the work which suited him so well, he certainly had made con- 
siderable progress in the useful but oftentimes desperate problem of 
making technical journalism scientific. Careful study of scientific 
literature and considerable experience in electrical work forbade 
him to allow dogma to outweigh science, and his sagacity enabled 
him to correlate unusual phenomena with the requirements of long 
and well established scientific principles. 

The usefulness of such a mind would have been felt probably in 
any calling, but when, in 1886, tho proprictors of the ‘ Electrician’ 
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newspaper appointed him Editor, he had his especial opportunity, 
and his efforts were steadily directed into converting that journal 
into a trustworthy record of the progress taking place in the branch 
of Physics with which it purported to deal. He became Member of 
this Society, April 28th, 1888. 


Mr. Witt1am Lanr Carpenter was born in the year 1841, and 
was a son of the distinguished physiologist, Dr. W. B. Carpenter, 
whom he accompanied in the exploration voyages of H.M.S. ‘ Porcu- 
pine’ in the years 1869-70, being in charge of some of the chemical 
and physical investigations of that Expedition. For many ycars 
he was engaged in a manufacturing business at Bristol, where he 
took a part in the movement for promoting the foundation of the 
University College of that town. In the course of his travels he 
did his best by means of lectures to render the study of science 
popular in many quarters of the British Empire, and, as Gilchrist 
Lecturer, at home. In his latter years he was one of the managers 
of the School of Electrical Engineering in Hanover Square. He 
died, working hard at this post, on the 23rd of December, 1890. 

He was also an active supporter of the Morley Memorial College, 
and of the movement for the Extension of University Teaching. 
He was elected a Member of this Society January 28th, 1882, and 
cooperated with our late President, Prof. Balfour Stewart, in some of 
his investigations on terrestrial magnetism. 


The adoption of the Report was proposed and carried unani- 


mously. 
The election of Officers and other Members of Council then took 


place, the new Council being constituted as follows :— 
President.—Prof. W. E. Ayrron, F.R.S. 


Vice-Presidents who have filled the Office of President.—Dr. J. H. 
Grapstonz, F.R.S.; Prof. G. C. Foster, F.R.S.; Prof. W. G. Apams, 
M.A., F.R.S.; Sir Wau. THomson, D.C.L., LL.D., P.B.8.; Prof. R. 
B. Cuirron, M.A., F.R.S.; Prof. A. W. Rervorp, M.A., F.RS. 


Vice-Presidents—Dr. E. Avxinson ; Wavrer Baty, M.A. ; Prof. 
0. J. Lover, D.Sc., F.R.S.; Prof. 8. P. Taomeson, D.Sc. 


Secretarics.—Prof. J. Purry, D.Se., F.RS. ; T, H. Boaxtsuny, 
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Treasurer.—Prof. A. W. Ricker, M.A., F.R.S. 
Demonstrator and Librarian.—C. Vernon Boys, F.R.S. 


Other Members of Council_—Surtvorp Browext, M.A., LL.B., 
F.R.S.; W. H.Corrimy; Major-General E. R. Fesrine, R.E., F.R.S. ; 
Prof. G. F. Frrzerratp, M.A., F.R.S.; Prof. J. V. Jones, M.A.’; 
Rev. F. J. Surru, M.A.; Prof. W. Srroup, D.Sc.; H. Tomiison, 
B.A., F.R.S.; G. M. Wurerce, B.Sc. ; Jamwes Wimsuursr. 


Votes of thanks were passed to the Lords Committee of the 
Council on Education ; to the OrricEers; and to the Avpirors. 
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PROCEEDINGS 
AT THE 
MEETINGS OF THE PHYSICAL SOCIETY 
OF LONDON. 


SESSION 1891-92. 


February 13th, 1891. 
Prof. A. W. Retnoxp, Past President, in the Chair. 
The following were elected Members of the Society :— 
Mr. W. Tuorp, Mr. G. W. Yue, and Mr. 8. Joyce. 


The following communication was made :— 


“On the Change in the Absorption-Spectrum of Cobalt Glass 
produced by Heat.” By Sir Joun Conroy, Bart., M.A. 


Prof. Mrincuin showed some experiments in illustration of his 


paper on “ Photo-electricity.” 


February 27th, 1891. 
Prof. W. E. Ayrton, President, in the Chair. 
Prof. A. Gray, M.A., was elected a Member of the Society. 


The following communications were made :— 
“Proof of the Generality of Certain Formule published for a 
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Special Case by Mr. Blakesley, with Tests of a Transformer.” By 
Prof. W. E. Ayrton, F.R.S., and Mr. J. F. Taytor. 

“Further Contributions to Dynamometry.” By Mr. T. H. 
Buaxestey, M.A. 


March 6th, 1891. 
Prof. W. E. Ayrton, President, in the Chair. 
The following were elected Members of the Society :— 
Mr. H. A. Miers, M.A., and Mr. W. Lucas, M.A. 
The following communication was made :— 
*“ Note on Electrostatic Wattmeters.” By Mr. J. Swinpurne. 


Prof. 8. P. Tompson having taken the Chair, 


The following communication was made :— 


“Interference with Alternating Currents.” By Prof. W. E. 
Ayrton, F.R.S., and Dr. W. E. Sumpner. 


March 20th, 1891. 
Prof. W. E. Arrton, President, in the Chair. 


The following communications were made :— 

“The Theory of Dissvciation into Ions, and its Consequences.” 
By Mr. 8. U. Pickerrne, F.R.S. 

“Magnetic Proof Pieces and Proof Planes.” By Prof. 8. P. 
Tompson. 


April 17th, 1891. 
Prof. W. E. Ayrron, President, in the Chair. 


The following communications were made :—- 

“On a Property of Magnetic Shunts.” By Prof. 8. P. Taompson. 

“An Alternating-Current Influence Machine.” By Mr. James 
Wimsuvrst. ’ 

“On Erecting Prisms for the Optical Lantern.” By Prof. 8. P. 
THOMPSON. 
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May 9th, 1891. 


On this occasion the usual meeting gave place to a visit to 
Cambridge University. Ata meeting in the Cavendish Laboratory, 


Prof. W. E. Ayrron, President, in the Chair. 


the following communications were made :— 

“Some Experiments on the Electric Discharge in Vacuum 
Tubes.” By Prof. J. J. THomson, M.A., F.R.S. 

“Some Experiments on the Velocity of Ions.” By Mr. W.C. D. 
Wueruam, B.A. 

“On the Resistance of some Mercury Standards.” By Mr. R. T. 
GtazeBrook, M.A., F.R.S. 

“On an Apparatus for Measuring the Compressibitity of Liquids.” 
By Mr. 8. Skinner, M.A. 

“Some Measurements with a Pneumatic Bridge.” By Mr. W.N. 
Suaw, M.A. 


May 22nd, 1891. 
Prof. W. E. Ayrron, President, in the Chair. 
Mr. F. H. Nevitt was elected a Member of the Society. 
The following communications were made :— 


“On Dr. Schobben’s Form of Lantern Stereoscope.” By Mr. C.J. 


Woopwarp. 
“On a new Form of Steam-Engine Indicator.” By Prof. 


J. Perry, F.RS. 
“On Mr. Blakesley’s Method of Measuring Power in Trans- 
formers.” By Prof. J. Perry, F.R.S. 


June 12th, 1891. 
Prof. W. E. Arrron, President, in the Chair. 
Mr. W. H. Drnss, B.A., was clected a Momber of the Society. 


The following communications were made :— 

« Alternate Current and Potential Difference Analogies in the 
Methods of Measuring Power.” By Prof. W. E. Ayrton, E.RB.8., 
and Dr. Sumpnzr. 
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“On a Clock for Pointing out the Direction of the Earth’s 
Orbital Motion.” By Prof. O. Loner, F.R.S. 

“Some Experiments with Leyden Jars.” By Prof. O. Loner, 
F.B.S. 


June 26th, 1891. 
Prof. W. E. Ayrton, President, in the Chair. 
Mr. J. Enrteut, B.Sc., was elected a Member of the Society. 


The following communications were made :— 

“The Construction of Non-inductive Resistances.” By Prof. W. 
E. Ayrton, F.R.S., and Mr. T. MarHer. 

‘*‘ On the Influence of Surface-Loading on the Flexure of Beams.” 
By Prof. ©. A. Carus-Wrtson. 

“ On Pocket Electrometers.” By Prof. C. V. Boys, F.R.S. 

“ On Electrification due to the Contact of Gases with Liquids.” 
By Mr. J. Enrient. 


“On the Expansion of Chlorine by Heat.” By Dr. Arruur 
RICHARDSON. 


November 6th, 1891. 
Dr. E. Arxrnson, Vice-President, in the Chair. 
The following were elected Members of the Society :— 
Miss Aricz Lex, Mr. W. A. Suenstone, and Mr. F. McLyan. 


The following communication was made :— 


“On the Generalizations of Van der Waals regarding Cor- 


responding Temperatures, Pressures, and Volumes.” By Prof. 
Sypnry Youna, D.Sc. 


November 20th, 1891. 
Prof. W. E. Arron, President, in the Chair. 
The following communications were made :— 


“On the Generalizations of Van der Waals.” By Dr. Purirre 
Guy. 

“A new Theory concerning the Constitution of Matter.” By Dr. 
C. V. Burton, 
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December 4th, 1891. 
Prof. W. E. Ayrton, President, in the Chair. 


The following were elected Members of the Society :— 
Messrs, P. L. Gry, A. Anpzrson, H. Davey, L. W. Futcuer, 
H. H. Horrerr, and W. Watson. 

The following communications were made :— 


“A Permanent Magnetic Field.” By Mr. W. Hisserr. 

“Note on Rotatory Currents.” By Prof. W. E. Ayrton, F.R.S. 

“On Struts and Tie-Rods laterally loaded.” By Prof. J. Perry, 
F.R.S. 


December 18th, 1891. 
Prof. W. E. Ayrton, President, in the Chair. 
Mr. R. W. Monn was elected a Member of the Society. 


The following communication was made :— 


“‘ Note on Interference with Alternating Currents.” By Mr. H. 
Kireovr. 


January 22nd, 1892. 
Prof. O. Lopar, Vice-President, in the Chair. 


The following were elected Members of the Society :— 
Mr. J. B. Peace and Mr. E. G. Hiewrretp. 


The following communication was made :— 


- “Qn the Driving of Electromagnetic Vibrations and Electro- 
magnetic and Electrostatic Engines.” By Prof. G. F. FirzGuraxp, 


F.RS. 
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Annual General Meeting. 
February 12th, 1892. 
Prof. W. E. Ayrton, President, in the Chair. 
The following Report of the Council was read by the Chairman : — 


In the year which has elapsed since the last Annual General 
Meeting of this Society, there have been held 13 Ordinary Meetings 
in the Laboratory at Kensington, and one Special Meeting at the 
University of Cambridge. Thus there has been one meeting more 
than the usual number in one year; and it is the hope of the 
Council that with an increasing number of communications it will 
be found possible to multiply in proportion the number of meetings. 
Many difficulties, however, would have to be overcome before any 
definite increase—such as weekly meetings instead of only two in a 
month—can be safely adopted. It is unfortunately the case that 
Members are in the habit of delaying their communications till the 
Session is far advanced and the recess is approached. Such a 
course results in a block of business in June, so that the papers and 
subjects often fail to receive adequate attention, and at the end of 
the Session have even to be taken as read. 

In the early portion of the Session, on the other hand, there is 
not unfrequently a smaller supply of communications than is 
sufficient for the number of meetings held at present. 

Again, time could be saved towards the end of the Session by 
grouping papers of a kindred nature, and discussing them together. 
If Members would give the Secretaries long notice that they have 
certain papers in hand, something might be done in this direction ; 
but with the present procedure it is impossible to reap any advantage 
from this idea. 

The special meeting at Cambridge took place on May 9th, 1891. 
On that occasion the Members of the Society were hospitably enter- 
tained by the Colleges of Emmanuel and Trinity, and had the 
opportunity of inspecting the Cavendish Laboratory and of hearing 
papers from Members and others resident at the University. The 
Council feel that the Society has every reason to congratulate itself 
upon the success of this visit, and think that such visits might be 
made more frequently. 

The Council has to record the deaths of the following Members of 
the Society :— 

Prof. W. Wrser, Honorary Member; Dr. W. H. Srone ; 
W. G. Greeory, M.A.; Prof. J. C. Avams, F.R.S. 
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The Council recommend the name of Professor Van der Waals 
for election as Honorary Member to fill the vacancy caused by the 
death of Prof. Weber. 

The numbers of the Society now exceed 400. 


The following additions have been made to the Library during 
the year 1891-92 :— 


Newspapers and Magazines :— 


Nature. 

The Electrical Review. 
Engineering. 

The Electrician. 

Electrical Plant. 

Ingeniero y Ferretero Espafiol y Sud Americano. 
Cronica Cientifica. 

The Open Court. 

The Philosophical Magazine. 
Beiblatter der Physik. 

Annalen der Physik. 

Journal de Physique. 

Annales de Chemie et de Physique. 
Archives Générales de Médicine. 


Journals of Societies, British :— 
Proceedings of the Royal Society. 
Journal of the Society of Arts. 
Journal of the Institute of Electrical Engineers. 
Proceedings of the Royal Institution. 
Transactions of the Philosophical Society of Cambridge. 
Proceedings of the Philosophical Society of Cambridge. 
Proceedings of the Manchester Literary and Philosophicay 

Society. 

Transactions and Proceedings of the Royal Dublin Society. 
Quarterly Journal of the Royal Meteorological Society. 
Proceedings of the Institute of Mechanical Engineers. 


Journals of Socreties, Colonial :— 
Journal and Proceedings of the Royal Society of New South 


Wales. 
Mathematical and Physical Society of Toronto University, 


Papers. 
cc 
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Proceedings and Transactions of the Nova Scotia Institute of 
Natural Science. 


Journals of Societies, Foreign :— 


Proceedings of the Academy of Natural Sciences, Philadelphia. 
Journal of the Physical and Chemical Society of Russia. 
Proceedings of the Physical Society of Berlin. 

Physical Society of France. Mémoires. 

Physical Society of Fraxce. Séances. 

Journal of the College of Science of Japan. 

Bulletin International de l’Acad. Sci. Cracowie. Séances. 


Books, &e. :— 


Ohio Meteorological Report. 
Geological and Natural History Survey of Canada, vol. iv. 
Hong Kong Observatory, Observations. 
Metric Measures. Latimer Clark. 
North Atlantic Expedition. xx. 
The State Weather Service. F. E. Nipher. 
St. Louis Engineering Club. President’s Address. 
Smithsonian Report, 1888. 
Studies in Statistics. G. B. Longstaff. 
Traité pratique de la Thermométrie de Precision. C. E. 
Guillaume. 
Documents relating to the fixing of a Standard of Time. Ottawa. 
Recherches Expérimental Acrodynamiques et données d’Ex- 
perience. 8. P. Langley. 
Three Editorials on Tubercle. Philadelphia. 
Wissenschaftliche und Technische Arbeiten. Werner Siemens. 
On the Causes of the Phenomena of Terrestrial Magnetism 
(in English and French), by Henry Wilde. 
Catalogue of Books, Radcliffe Library, Oxford, added 1890. 
*The Working and Management of an English Railway. G. 
Findlay. 
*The Practical Telegraph Handbook, by 8. Poole. 
*The First Book of Electricity and Magnetism. W. Perrin 
Maycock. 
Astronomy and Astro-Physics. 
Comparative Photographic Spectra of the Sun and Metals. 
F. McClean, 


* Presented by Messrs. Whittaker & Co. 
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Prof. Wiruxtm Epvarp Weser, who died in June of last year, 
at the age of 87, was one of the first of the Honorary Members 
elected by the Society. It was fitting that this should be so, for 
though advancing years prevented his taking an active part in the 
most recent progress of Physics, he was one of those who had the 
chief share in laying the foundations on which modern conceptions 
in one of the most important branches of our science rest. He was 
not, like Faraday, a discoverer of new phenomena by which whole 
new territories were added to the domain of science ; his work was 
rather that of systematizing, ascertaining the exact mutual bearings 
of phenomena, and establishing permanent landmarks whereby all 
after-comers might guide their ways and pass swiftly and easily 
over what was before a confused and difficult region. 

In the Royal Society Catalogue more than sixty papers on various 
branches of Physics are enumerated of which W. E. Weber was the 
author. About twenty of these, dating from 1825 to 1835, relate, with 
very few exceptions, to questions of acoustics ; the remainder are con- 
cerned with magnetism and electricity. There can be no doubt that 
the direction which Weber’s scientific activity took from about 1835 
onwards was determined by his having been, as Professor of Physics 
at Gottingen, the colleague and associate of Gauss. For seven years 
(1836 to 1842) they cooperated in directing the work of the Magnet- 
ische Verein and in issuing the important series of volumes embodying 
the ‘ Resultate aus den Beobachtwngen ’ of this association. 

The great work of Weber’s life was the establishment on a firm 
basis of the absolute system of measurement for electrical mag- 
nitudes. His first step in this direction seems to have been the 
absolute measurement of the strength of an electric current in 
1840. Weber’s first definition of the unit strength of current, and 
the experimental method by which he measured actual currents in 
terms of this unit, were founded directly on Gauss’s definition and 
method of measuring the absolute strength of a magnetic field. 
From the measurement of currents he went on to the measurement 
of electro-chemical equivalents, electromotive forces, and resistances. 
One very important piece of work was the verification of Ampére’s 
law of the mutual action between two currents, and the exact 
determination of the equivalence between electric circuits and 
magnets. 

As one result of this investigation, Weber showed how the 
definition and measurement of the strength of currents may be 
founded upon the observation of the forces exerted between two 

Cog 
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parts of the same current, without-any reference to the unit of 
magnetic force. He also showed that a corresponding definition of 
the unit of electromotive force may be given, and consequently that 
electrical resistance may be measured in absolute units independently 
of the determination of the strength of a magnetic field. His last 
published work seems to have been a determination of absolute 
resistance, carried out in conjunction with F. Zéllner in 1880. 

In connexion with recent investigations relating to the pro- 
pagation of electrical vibrations, it is interesting to find Weber 
remarking, in 1846, that the laws of electrodynamic force would 
not unlikely be susceptible of simpler expression, if account were 
taken of an intervening medium, than is possible when the phe- 
nomena are considered from the point of view of action at a 
distance ; and, further, that it is not improbable that the medium 
concerned in electric phenomena may be the luminiferous ether. 
Again, in a paper in 1864 on Electric Vibrations, he determined 
their velocity of propagation as 3°107 x 10” centim. per second, and 
pointed out that this is the velocity of light, observing that Kirchhoff 
had previously come to the same result and drawn attention to the 


’ game coincidence. 


With regard to Weber’s experimental work, it may be said that 
no better models of careful and accurate work and clear statement 
of results obtained can to this day be put in the hands of a student 
of Physics than his and Gauss’s papers in the Resultate aus den 
Beobachtungen des magnetischen Vereins and Weber's Elektro- 
dynamische Maassbestimmungen. 

Weber was born at Wittenberg in 1804; he studied at the 
University of Halle, where he became Professor-Extraordinary of 
Physics in 1828. He received a call to the Chair of Physics at 
Gottingen in 1831, but he was ejected from it, on political grounds, 
in 1837. From 1843 to 1849, when he returned to Gittingen, he 
was Professor of Physics at Leipzig. He had two brothers—Ernst _ 
Heinrich (born in 1795, died 1878), Professor of Anatomy and 
Physiology at Leipzig, in conjunction with whom he published, in 
1825, the celebrated work on Wave-Motion (Die Wellenlehre auf 
Experimente gegrundet) ; and a younger brother, Eduard Friedrich, 
who was a distinguished anatomist, and was for many years pro- 
sector in the University of Leipzig. W.E. Weber was elected a 
Foreign Member of the Royal Society in 1850; his brother Ernst 
received the same honour in 1862. 
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Watrer Groner Grecory (the youngest son of George J. G. and 
Eliza Gregory, Eglesfeld House, Dorchester, Dorset) was born on 
January 31st, 1859. He commenced his education at the Dor- 
chester Grammar School, afterwards going to Weymouth College, 
and then to Bristol Grammar School, whence, in 1878, he obtained 
an open Mathematical Scholarship at Queen’s College, Oxford. He- 
took his B.A. degree in Mathematics in June 1882, obtaining two 
First Classes, and then worked for a year at the Clarendon Labora- 
tory. On leaving Oxford, in 1883, he obtained the appointment of 
Demonstrator in Physics at the Royal Indian Engineering College, 
Coopers Hill, which appointment he retained fill within two months 
of his death, which occurred on November 25, 1891. 

Never very strong, the last years of his life were spent in a 
constant struggle against ill-health, which left him little superfluous 
energy to devote to work outside the ordinary routine. At the 
same time, it was a matter of surprise to those that knew him that 
he managed to do what he did. He was devoted to his subject, 
and practically lived in it; clear-headed in a remarkable degree, he 
could take in very quickly the conditions of a physical problem, 
and follow up its side issues, and consequently could often make 
most valuable suggestions to others in their work. He had a 
decided liking for mechanism and practical applications of scientific 
facts from his earliest years, and was constantly working at some 
invention or other of his own. He was an invaluable colleague in 
a Physical Laboratory in the designing of apparatus and doing 
anything requiring delicate manipulation. He contributed two 
papers to the Physical Society in November 1889, “ On a Method 
of Driving Tuning-Forks Electrically,” and “On a New Electric 
Radiation Meter,” which furnish a slight indication of what he 
might have done with health and strength. 


Joun Covcn Apams was born at Lidcot, near Launceston, in 
Cornwall, on June 5, 1819. He received his early education at the 
village school and at Devonport, where he gave evidence of his 
remarkable faculty for mathematical and astronomical study. Jn 
October 1839 he entered at St. John’s College, Cambridge ; and in 
1843 he graduated as Senior Wrangler and first Smith’s Prizeman, 


‘becoming shortly afterwards a Fellow and tutor of his College. 


Both before and after taking his degree he was fascinated by a 
problem which was at that time profoundly interesting astronomers 
—the irregularities shown by the planet Uranus in its motion. Tis 


12 PROCEEDINGS OF THE PHYSICAL SOCIETY. 


orbit differed from the elliptic path which an undisturbed planet 
would have pursued; and as the deviations could not be explained 
by the influence of the other known planets, it was supposed that 
there must be a more remote planet which had not been observed. 
To the search for this unknown planet Adams devoted all the 
energies of his mathematical genius, and everyone knows the 
brilliant success with which his labours were crowned. His solu- 
tion was communicated to Prof. Challis in September 1845, and to 
the Astronomer-Royal in the following month. We need only refer 
to the facts that similar work was done in 1846 by Leverrier ; that 
the French astronomer’s results, unlike those of the English inves- 
tigator, were at once made known; and that on September 23, 
1846, the planet Neptune was found by Dr. Galle, of Berlin, on 
the basis of Leverrier’s elements. Adams and Leverrier rank as 
joint discoverers, and, as such, they received on February 11, 1848, 
the gold medal of the Royal Astronomical Society. Some members 
of Adams’s college, in order to mark their sense of the importance 
of his achievement, raised a fund, which the University accepted, 
for the founding of a prize, to be called ‘‘ The Adams Prize,” to be 
awarded every two years to the author of the best essay on some 
subject of pure mathematics, astronomy, or other branch of natural 
philosophy. In 1851 he was elected President of the Royal Astro- 
nomical Society. 

As he did not take orders, his Fellowship at St. John’s expired 

in 1852, but he continued to reside in the College until 1853, when 
he was elected to Pembroke, In 1858 he was appointed Professor 
of Mathematics at the University of St. Andrews, but he held this 
office only during a single session. He became the Lowndean Pro- 
fessor of Astronomy and Geometry, at Cambridge, in 1859, in 
succession to the late Prof. Peacock, and retained this position 
during the remainder of his life. 
_ Meanwhile, he had been carrying on many important investiga- 
tions; and, until ill-health disabled him, his labours were never 
seriously interrupted. Foremost among his later achievements. 
were the results of his researches on the Moon and on the theory 
of the November meteors. In 1866 the Royal Astronomical Society 
awarded him its gold medal for his lunar researches. He had 
succeeded Prof. Challis as Director of the Cambridge Observatory in 
1861; and in 1884 he served as one of the delegates for Great 
Britain at the International Meridian Conference at Washington. 

For about a year and a half before his death Prof. Adams was 
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too ill to do as much work as he had been accustomed to do, and 
during the last ten weeks he was confined to bed. He died on the 
morning of January 21. 

He was a Fellow of the Royal Society, and of the leading foreign 
scientific bodies ; and honorary degrees were conferred upon him 
by his own University and by Oxford. The post of Astronomer- 


. Royal was offered to him by the First Lord of the Admiralty in 


1881, on Sir George Airy’s retirement, but declined by him on the 
ground of age. 


The adoption of the Report was proposed and carried unani- 
mously. 

The Society then elected Professor Van der Waals an Honorary 
Member of the Society. 

The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.—Prof. G. F. Frrzeeratp, M.A., F.R.S. _ 


Vice-Presidents who have filled the Office of President.—Dr. J. H. 
Guapsronz, F.R.S.; Prof. G. C. Fosrrr, F.R.S.; Prof. W. G. Apams, 
M.A., F.R.S.; Lord Kautvin, D.C.L., LL.D., P.R.S.; Prof. R. 
B. Crirron, M.A., F.R.S.; Prof. A. W. Rernorp, M.A., F.RB.S.; 
Prof. W. E. Ayrton, F.R.S. 


_Vice-Presidents.—Prof. A. W. Rtcxer, M.A., F.R.S.; Warrer 
Batty, M.A.; Prof. O. J. Lover, D.Sc., F.R.S.; Prof. 8. P. 
Tuomeson, D.Sc., F.B.S. 


Secretaries.—Prof. J. Perry, D.Sc., F.R.S.; T. H. Buaxuszzy, 
M.A., M.Inst.C.E. 

Treasurer.—Dr. E. ATKINSON. 

Demonstrator and Librarian.—C. Vernon Boys, F.R.S. 


Other Members of Council.—Suztrorp Brpwett, M.A., LL.B., 
F.R.S.; W. E. Sumpnnr, D.Sc.; Major-General E. R. Festina; 
R.E., F.B.8. ; J. Swrzurnz; Prof. J. V. Jonns, M.A.; Rev. F. J. 
Smirx, M.A.; Prof. W. Srrovp, D.Sc.; L. Frercurr, M.A., F.R.S. ; 
G. M. Wurerte, D.Sc. ; James WimsHurst. 


Votes of thanks were passed to the Lords Committee of the 


Council on Education ; to the Orricrrs; and to the Avprrors. 
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